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Chapter G08 — Nonparametric Statistics

Note. Please refer to the Users’ Note for your implementation to check that a routine is available.

Routine Mark of

Name Introduction Purpose

GOSAAF 8 Sign test on two paired samples

GOSACF 8 Median test on two samples of unequal size

GOBAEF 8 Friedman two-way analysis of variance on k matched samples

GOSAFF 8 Kruskal-Wallis one-way analysis of variance on k samples of unequal size

GOBAGF 14 Performs the Wilcoxon one-sample (matched pairs) signed rank test

GOBAHF 14 Performs the Mann—-Whitney U test on two independent samples

GOSAJF 14 Computes the exact probabilities for the Mann-Whitney U statistic, no
ties in pooled sample

GOSAKF 14 Computes the exact probabilities for the Mann—Whitney U statistic, ties
in pooled sample

GOBALF 15 Performs the Cochran @ test on cross-classified binary data

GO8BAF 8 Mood’s and David’s tests on two samples of unequal size

GO8CBF 14 Performs the one-sample Kolmogorov-Smirnov test for standard
distributions

GO8CCF 14 Performs the one-sample Kolmogorov-Smirnov test for a user-supplied
distribution

GO8CDF 14 Performs the two-sample Kolmogorov—Smirnov test

GO8CGF 14 Performs the x2 goodness of fit test, for standard continuous
distributions

GO8SDAF 8 Kendall’s coefficient of concordance

GOSEAF 14 Performs the runs up or runs down test for randomness

GOSEBF 14 Performs the pairs (serial) test for randomness

GOBECF 14 Performs the triplets test for randomness

GOSEDF 14 Performs the gaps test for randomness

GOSRAF 12 Regression using ranks, uncensored data

GOSRBF 12 Regression using ranks, right-censored data
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1 Scope of the Chapter

The routines in this chapter perform nonparametric statistical tests which are based on distribution-free
methods of analysis. For convenience, the chapter contents are divided into five types of test: tests
of location, tests of dispersion, tests of distribution, tests of association and correlation, and tests of
randomness. There are also routines to fit linear regression models using the ranks of the observations.

The emphasis in this chapter is on testing; users wishing to compute nonparametric correlations are
referred to Chapter G02, which contains several routines for that purpose.

There are a large number of nonparametric tests available. A selection of some of the more commonly
used tests are included in this chapter.

2 Background to the Problems
2.1 Parametric and Nonparametric Hypothesis Testing

Classical techniques of statistical inference often make numerous or stringent assumptions about the
nature of the population or populations from which the observations have been drawn. For instance, a
testing procedure might assume that the set of data was obtained from Normally distributed populations.
It might be further assumed that the populations involved have equal variances, or that there is a known
relationship between the variances. In the Normal case, the test statistic derived would usually be a
function of the sample means and variances, since a Normal distribution is completely characterised by
its mean and variance. Alternatively, it might be assumed that the set of data was obtained from other
distributions of known form, such as the gamma or the exponential. Again, a testing procedure would
be devised based upon the parameters characterising such a distribution.

The type of hypothesis testing just described is usually termed parametric inference. Distributional
assumptions are made which imply that the parameters of the chosen distribution, as estimated from the
data, are sufficient to characterise the difference in distribution between the populations.

However, problems arise with parametric methods of inference when these assumptions cannot be made,
either because they are contrary to the known nature of the mechanism generating a population, or
because the data obviously do not satisfy the assumptions. Some parametric procedures become unreliable
under relatively minor departures from the hypothesised distributional form. In the Normal case for
example, tests on variances are extremely sensitive to departures from Normality in the underlying
distribution.

There are also common situations, particularly in the behavioural sciences, where much more basic
assumptions than that of Normality cannot be made. Data values are not always measured on continuous
or even numerical scales. They may be simply categorical in nature, relating to such quantities as voting
intentions or food preferences.

Techniques of inference are therefore required which do not involve making detailed assumptions about
the underlying mechanism generating the observations. The routines in this chapter perform such
distribution-free tests, evaluating from a set of data the value of a test statistic, together with an estimate
of its significance.

For a comparison of some distribution-based and distribution-free tests, the interested reader is referred
to Chapter 31 of Kendall and Stuart [2]. For a briefer and less mathematical account, see Conover [1] or
Siegel [3].

2.2 Types of Nonparametric Test

This introduction is concerned with explaining the basic concepts of hypothesis testing, and some
familiarity with the subject is assumed. Chapter 22 of Kendall and Stuart [2] contains a detailed account,
and the outline given in Conover [1] or Siegel [3] should be sufficient to understand this section.

Nonparametric tests may be grouped into five categories:

(1) Tests of location

(2) Tests of dispersion

(3) Distribution-free tests of fit

(4) Tests of association or correlation

G08.2 [NP3086/18]



G08 - Nonparametric Statistics Introduction - G08

(5) Tests of randomness
Tests can also be categorised by the design that they can be applied to:

(1) One sample

(2) Two related (paired) samples

(3) Two independent samples

(4) k(> 2) related (matched) samples
(5) k(> 2) independent samples

A third classification of a test relates to the type of data to which it may be applied. Variables are
recorded on four scales of measurement: nominal (categorical), ordinal, interval, and ratio.

The nominal scale is used only to categorise data; for each category a name, perhaps numeric, is assigned
so that two different categories will be identified by distinct names. The ordinal scale, as well as
categorising the observations, orders the categories. Each is assigned a distinct identifying symbol, in such
a way that the order of the symbols corresponds to the order of the categories. (The most common system
for ordinal variables is to assign numerical identifiers to the categories, though if they have previously
been assigned alphabetic characters, these may be transformed to a numerical system by any convenient
method which preserves the ordering of the categories.) The interval scale not only categorises and orders
the observations, but also quantifies the comparison between categories; this necessitates a common unit
of measurement and an arbitrary zero-point. Finally, the ratio scale is similar to the interval scale, except
that it has an absolute (as opposed to arbitrary) zero-point.

It is apparent that there are many possible combinations of these three characteristics of a problem, and
many nonparametric tests have been derived to meet the different experimental situations. However, it
1s not usually a difficult matter to choose an appropriate test given the nature of the data and the type
of test which one wishes to perform.

2.3 Principles of Nonparametric Tests

In this section, each type of test is considered in turn, and remarks are made on the design principles on
which each is based.

2.3.1 Location tests

These tests are primarily concerned with inferences about differences in the location of the population
distributions. In some cases however, the tests are only concerned with inferences about the population
distributions unless added assumptions are made which allow the hypotheses to be stated in terms of the
location parameters.

For most of these tests, data must be measured numerically on at least an ordinal scale, in order that a
measure of location may be devised. Ordinal measurement implies that pairs of values may be compared
and numerically ordered. A vector of n values may therefore be ranked from smallest to largest using
the ordering operation. The resultant ranks contain all the information in the original data, but have the
advantage that tests may be derived easily based on them, and no testing bias is introduced by the use
of ordinal values as though they were measured on an interval scale. Note that the requirement of the
measurement scale being ordinal does not imply that all tests of this type involve the actual ranking of
the original data.

For the one-sample or matched pairs case, test statistics may be derived based on the number of
observations (or differences) lying either side of zero (or some other fixed value), as in the sign test
for example. Under the hypothesis that the median of the single population is zero or the difference in
the medians of the paired populations is zero the number of positive and negative values should be similar.
The Wilcoxon signed rank test goes further than the sign test by taking into account the magnitude of
the single sample values or of the differences.

For the two-sample case, if median equality is hypothesised, the distribution of the ranks of each sample
in the total pooled sample should be similar. Test statistics, such as the Mann-Whitney U statistic,
which are based on the ranks of each sample and summarise the differences in rank sums for each sample,
may be computed. These statistics are referred to their expected distributions under the null hypothesis.
The above hypothesis can also be tested using the median test. Its test statistic is based on the number
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of values in each sample which are greater than or less than the pooled median of the two samples, rather
than the ranks of each sample.

If median equality is hypothesised for several samples, the distribution ranks of the members of each
sample in the total pooled sample should be ‘homogeneous’. Test statistics can be derived which
summarise the differences in rank sums for the various samples, and again referred to their expected
distributions under the null hypothesis.

2.3.2 Dispersion tests

These provide a distribution-free alternative to such tests as the F-(variance-ratio) test for variance
equality, which is very sensitive to non-Normality in the generating distribution.

The dispersions of two or more samples may be compared by pooling the samples and observing the
distribution of ranks in the ranked pooled sample. Equal dispersions should be recognisable by there
being a wide distribution of the extreme ranks between the members of different samples. Statistics are
evaluated which quantify the dispersion of ranks between samples, and their significance may be found
by evaluating their permutation distributions assuming that no dispersion difference exists.

2.3.3 Tests of fit

In the one-sample case, these are tests which investigate whether or not a sample of observations can be
considered to follow a specified distribution. In the two-sample case, a test of fit investigates whether the
two samples can be considered to have arisen from a common probability distribution.

For the one sample problem, the null hypothesis may specify only the distributional form, for example
Normal(y,0?), or it may incorporate actual parameter values, for example, Poisson with mean 10.

Some tests of this type proceed by forming the sample cumulative distribution function of the observations
and computing a statistic whose value measures the departure of the sample cumulative distribution
function from that of the null distribution. In the two-sample case, a statistic is computed which provides
a measure of the difference between the sample cumulative distribution function of each sample. These
tests are known as one- or two-sample Kolmogorov-Smirnov tests.

The significance for these test statistics can be computed directly for moderate sample sizes but for larger
sample sizes asymptotic results are often used.

Another goodness of fit test is the x? test. For this test, the data is first grouped into intervals and then
the difference between the observed number of observations in each interval and the number expected,
if the null hypothesis is true, is computed. A statistic based on these differences has asymptotically a
x2-distribution.

2.3.4 Association and correlation tests

These are distribution-free analogues of tests based on such statistics as Pearson product-moment
correlation coefficients.

Essentially they are based on rankings rather than the observed data values, and involve summing some
function of the rank differences between the samples to obtain an overall measure of the concordance
of ranks. This measure can be standardised by dividing by its theoretical maximum value for the given
sample size and number of samples.

Significance levels may be calculated for quite small sample sizes by using an approximation to a x2-
distribution.

2.3.5 Tests of randomness

These tests are designed to investigate sequences of observations and attempt to identify any deviations
from randomness. There are clearly many ways in which a sequence may deviate from randomness. The
tests provided here primarily detect some form of dependency between the observations in the sequence.

The most common application of this type of tests is in the area of random number generation. The
tests are used as empirical tests on a sample of output from a generator to establish local randomness.
Theoretical tests are necessary and useful for testing global randomness. Some of the more common
empirical tests are discussed below.

G08.4 [NP3086/18]



G08 - Nonparametric Statistics Introduction - G08

A runs-up or runs-down test investigates whether runs of different lengths are occuring with greater or
lesser frequency than would be expected under the null hypothesis of randomness. A run up is defined
as a sequence of observations in which each observation is larger than the previous observation. The
run up ends when an observation is smaller than the previous observation. A test statistic, modified to
take into account the dependency between successive run lengths, is computed. The test statistic has an
asymptotic xZ-distribution.

The pairs test investigates the condition that, under the null hypothesis of randomness, the non-
overlapping 2-tuples (pairs) of a sequence of observations from the interval [0,1] should be uniformly
distributed over the unit square ([0, 1]%). The triplets test follows the same idea but considers 3-tuples
and checks for uniformity over the unit cube ([0, 1]?). In each test, a test statistic, based on differences
between the observed and expected distribution of the 2- or 3-tuples, is computed which has an asymptotic
x*-distribution.

The gaps test considers the ‘gaps’ between successive occurences of observations in the sequence lying
in a specified range. Under the null hypothesis of randomness, the gap length should follow a geometric
distribution with a parameter based on the length of the specified range, relative to the overall length
of the interval containing all possible observations. The expected number of ‘gaps’, of a certain length,
under the null hypothesis may thus be computed together with a test statistic based on the differences
between the observed and expected numbers of ‘gaps’ of different length. Again the test statistic has an
asymptotic x2-distribution.

Other empirical tests such as the x? goodness of fit test and the one-sample Kolmogorov-Smirnov test
may be used to investigate a sequence for non-uniformity.

2.4 Regression using ranks

If the user wishes to fit a regression model but is unsure about what transformation to take for the
observed response to obtain a linear model, then one strategy is to replace response observations by their
ranks. Estimates for regression parameters can be found by maximizing a likelihood function based on
the ranks and the proposed regression model. The present routines give approximate estimates which
are adequate when the signal-to-noise ratio is small, which is often the case with data from the medical
and social sciences. Approximate standard errors of estimated regression coefficients are found. Also x?
statistics can be used to test the null hypothesis of no regression effect.

3 Recommendations on Choice and Use of Available Routines

Note. Refer to the Users’ Note for your implementation to check that a routine is available.

The routines are grouped into six categories. The fourth character of the routine name is used to denote
this categorisation.

Sub-chapter Type of test

GO8A Location

G08B Dispersion

G08C Fit

G08D Correlation and Association
GOSE Randomness

GO8R Regression using Ranks

3.1 GO8A — Location Tests

3.1.1 One sample or matched-pairs case

Note that a random sample of matched pairs, (z;,y;), may be reduced to a single sample by considering
the differences, d; = z; —y; say, of each pair. The matched pair may be thought of as a single observation
on a bivariate random variable.

GOSBAAF  performs the sign test on two paired samples. Each pair is classified as a + or — depending on
the sign of the difference between the two data values within the pair. Under the assumptions
that the d; are mutually independent and that the observations are measured on at least an
ordinal scale, the sign test tests the hypothesis that for any pair sampled from the population
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distribution, Probabilty(+) = Probability(—). The hypothesis may be stated in terms of
the equality of the location parameters but the test is no longer regarded as unbiased and
consistent unless further assumptions are made. If the user wishes to test the hypothesis
that the location parameters differ by a fixed amount then that amount must be added or
subtracted from one of the samples as required before calling GOSAAF.

GOSAGF performs the one-sample Wilcoxon signed-rank test. The test may be used to test if the
median of the population from which the random sample was taken is equal to some specified
value (commonly used to test if the median is zero). In this test not only is the sign of the
difference between the data values and the hypothesised median value important but also
the magnitude of this difference. Thus, where the magnitude of the differences (or the data
values themselves if the hypothesised median value is zero) is important this test is preferred
to the sign test because it is more powerful. The test may easily be used to test whether the
medians of two related populations are equal by taking the differences between the paired
sample values and then testing the hypothesis that the median of the differences is zero,
using the single sample of differences. The significance of the test statistic may be computed
exactly for a moderate sample size but for a larger sample a Normal approximation is used.
The exact method allows for ties in the differences.

3.1.2 Two independent samples
GO8ACF performs the median test and GOSAHF performs the Mann-Whitney U test.

For both tests the two samples are assumed to be random samples from their respective populations and
mutually independent. The measurement scale must be at least ordinal.

Note that, although the median test may be generalised to more than two samples, GOSACF only deals
with the two-sample case. For the median test, each observation is classified as being above or below the
pooled median of the two samples. It may be used to test the hypothesis that the two population medians
are equal; under the assumption that if the two population medians are equal then the probability of an
observation exceeding the pooled median is the same for both populations.

The Mann-Whitney U test involves the ranking of the pooled sample. The Mann-Whitney test thus
attaches importance to the position of each observation relative to the others and not just its position
relative to the median of the pooled sample as in the median test. Thus when the magnitude of the
differences between the observations is meaningful the Mann-Whitney U test is preferred as it is more
powerful than the median test. The test tests whether the two population distributions are the same or
not. If it is assumed that any difference between the the two population distributions is a difference in
the location then the test is testing whether the population means are the same or not.

In GOSBAHF, the significance of the U test statistic is computed using a Normal approximation. If the
exact significance is desired then either GOS8AJF or GOSAKF must be used. GO8AJF computes the exact
significance- of the U test statistic for the case where there are no ties in the pooled sample. It requires
only the value of the statistic and the two sample sizes. GOBAKF computes the exact significance of the
U test statistic for the case where there are ties in the pooled sample. It requires the value of the statistic
and the two sample sizes and the ranks of the observations of the two samples as provided by GOSAHF.
GOSAHF returns an indicator to inform the user whether or not ties were found in the pooled sample.

3.1.3 More than two related samples

GOSAEF  performs the Friedman two-way analysis of variance. This test may in some ways be regarded
as an extension of the sign test to the case of k, (k > 2), related samples. The data is in the
form of a number of multivariate observations which are assumed to be mutually independent.
This test also assumes that the measurement within each observation across the k variates
is at least ordinal so that the observation for each variate may be ranked according to some
criteria.

For data which may be defined as either a zero or one, that is binary response data, GOSALF
performs Cochran’s Q-test to examine differences between the treatments within blocks.
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3.1.4 More than two independent samples

GOBAFF  performs the Kruskal-Wallis one-way analysis of variance. The test assumes that each sample
is a random sample from its respective distributions and in addition that there is both
independence within the samples and mutual independence among the various samples. The
test requires that the measurement scale is at least ordinal so that the pooled sample may be
ranked.

3.2 GO08B - Dispersion Tests

GO8BAF  performs either Mood’s or David’s test for dispersion differences, or both, for two independent
samples of possibly unequal size.

For both tests the null hypothesis is that the two samples have equal dispersions, the routine
returning a probability value which may be used to perform the test against a one-sided or
two-sided alternative, in a way described in the routine document.

3.3 GO8C — Tests of Fit

GO8CBF and GO8CCF both perform the one sample Kolmogorov-Smirnov distribution test. This test is
used to test the null hypothesis that the random sample arises from a specified null distribution
against one of three possible alternatives.

With GO8CBF the user may choose a null distribution from one of the following: the uniform,
Normal, gamma, beta, binomial, exponential, and Poisson. The parameter values may either
be specified by the user or estimated from the data by the routine. With GOSCCF the
user must provide a function which will compute the value of the cumulative distribution
function at any specified point for the null distribution. The alternative hypotheses available
correspond to one- and two-sided tests. The distribution of the test statistic is computed
using an exact method for a moderate sample size. For a larger sample size an asymptotic
result is used.

GO8CDF  performs the two-sample Kolmogorov-Smirnov test which tests the null hypothesis that the
two samples may be considered to have arisen from the same population distribution against
one of three possible alternative hypotheses, again corresponding to one-sided and two-sided
tests. The distribution of the test statistic is computed using an exact method for moderate
sample sizes but for larger samples, approximations based on asymptotic results are used.

Note that GO1EYF and GOLEZF are available for computing the distributions of the one-
sample and two-sample Kolmogorov-Smirnov statistics respectively.

GO8CGF  performs the x? goodness of fit test on a single sample which again tests the null hypothesis
that the sample arises from a specified null distribution. The user may choose a null
distribution from one of the following: the Normal, uniform, exponential, x?, and gamma, or
may define the distribution by specifying the probability that an observation lies in a certain
interval for a range of intervals covering the support of the null distibution. The significance
of this test is computed using the x2 distribution as an approximation to the distribution of
the test statistic.

Tests of Normality may also be carried out using routines in Chapter GO1.

3.4 GO8D — Association and Correlation Tests

GOSDAF computes Kendall’s coefficient of concordance on k independent ranks of n objects. An
example of its application would be to compare for consistency the results of a group of IQ
tests performed on the same set of people. Allowance is made for tied rankings, and the
approximate significance of the computed coefficient is found.

3.5 GO8E — Tests of Randomness

GOS8EAF  performs the runs-up test on a sequence of observations. The runs-down test may be
performed by multiplying each observation by —1 before calling the routine. All runs whose
length is greater than or equal to a certain chosen length will be treated as a single group.
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GO8EBF  performs the pairs (serial) test on a sequence of observations from the interval [0,1]. The
number of equal sub-intervals into which the interval [0,1] is to be divided must be specified.

GOSECF  performs the triplets test on a sequence of observations from the interval [0,1]. The number
of equal sub-intervals into which the interval [0,1] is to be divided must be specified.

GO8EDF  performs the gaps test on a sequence of observations. The total of the interval containing all
possible values the observations could take must be specified together with the interval being
used to define the ‘gaps’. All ‘gaps’ whose length is greater than or equal to a certain chosen
length will be treated as a single group.

3.6 GO8R - Regression Using Ranks

GO8RAF fits a multiple linear regression model in which the observations on the response variable are
replaced by their ranks.

GO8RBF  performs the same function but takes into account observations which may be right-censored.

3.7 Related Routines

Tests of location and distribution may be based on scores which are estimates of the expected values of
the order statistics. GO1DHF may be used to compute Normal scores, an approximation to the Normal
scores (Blom, Tukey or van der Waerden scores) or Savage (exponential) scores. For more accurate
Normal scores GO1DAF may be used. Other routines in subchapter GO1D may be used to test for
Normality.

4 Routines Withdrawn or Scheduled for Withdrawal

Since Mark 13 the following routines have been withdrawn. Advice on replacing calls to these routines
is given in the document ‘Advice on Replacement Calls for Withdrawn/Superseded Routines’.

GOSABF GO8ADF GO8CAF

5 References

[1] Conover W J (1980) Practical Nonparametric Statistics Wiley

[2] Kendall M G and Stuart A (1973) The Advanced Theory of Statistics (Volume 2) Griffin (3rd
Edition)

[3] Siegel S (1956) Non-parametric Statistics for the Behavioral Sciences McGraw-Hill
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GO8AAF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of hold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1. Purpose
GOBAAF performs the Sign test on two related samples of size n.

2. Specification
SUBROUTINE GO8AAF (X, Y, N, IS, N1, P, IFAIL)

INTEGER N, IS, N1, IFAIL
real X(N), Y(N), P

3. Description

The Sign test investigates the median difference between pairs of scores from two matched
samples of size n, denoted by {x,y;}, for i = 12..,n. The hypothesis under test, H,, often
called the null hypothesis, is that the medians are the same, and this is to be tested against a one-
or two-sided alternative H, (see below).

GO8AAF computes:
(a) The test statistic S, which is the number of pairs for which x, < y,;
(b) The number n, of non-tied pairs (x,#y,);

(c) The lower tail probability p corresponding to S (adjusted to allow the complement (1-p) to
be used in an upper 1-tailed or a 2-tailed test). p is the probability of observing a value < §
if § < #n,; or of observing a value < Sif S > in,, given that H is true. If § = #n,, p is set
to 0.5.

Suppose that a significance test of a chosen size a is to be performed (i.e. & is the probability of
rejecting H, when H, is true; typically « is a small quantity such as 0.05 or 0.01). The returned
value of p can be used to perform a significance test on the median difference, against various
alternative hypotheses H, as follows:

(i) H, : median of x # median of y. H, is rejected if 2Xmin(p,1-p) < a.
(ii) H, : median of x > median of y. H, is rejected if p < a.
(iii) H, : median of x < median of y. H, is rejected if 1 — p < a.

4. References

[1] SIEGEL, S.
Nonparametric Statistics for the Behavioral Sciences.
McGraw-Hill, 1956.

3. Parameters

1:  X(N) - real array. Input
2. Y(N) - real array. Input

Onentry: X (i) and Y (/) must be set to the ith pair of data values, {x,y;}, fori = 1,2...,n.

3: N - INTEGER. Input
On entry: the size of each sample, n.
Constraint: N 2 1.

4: IS - INTEGER. ' Output
On exit: the Sign test statistic, S.
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N1 - INTEGER. ‘ Output
On exit: the number of non-tied pairs, n,.

P - real. Output
On exit: the lower tail probability, p, corresponding to S.

IFAIL - INTEGER. Input/ Output

On entry: TFAIL must be set to 0, -1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is 0.

On exit: IFAIL = 0 unless the routine detects an error (see Section 6).

Error Indicators and Warnings
Errors detected by the routine:

IFAIL = 1
On entry, N < 1.
IFAIL = 2

N1 = 0, i.e. the samples are identical.

Accuracy

The tail probability, p, is computed using the relationship between the binomial and beta
distributions. For n, < 120, p should be accurate to at least 4 significant figures, assuming that
the machine has a precision of 7 or more digits. For n, 2 120, p should be computed with an
absoulute error of less than 0.005. For further details see GO1EEF.

Further Comments
The time taken by the routine is small, and increases with n.

Example

This example is taken from page 69 of Seigel [1]. The data relate to ratings of ‘insight into
paternal discipline’ for 17 sets of parents, recorded on a scale from 1 to 5.

Program Text

Note: the listing of the example program presented below uses bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this
manual, the results produced may not be identical for all implementations. ’

* GOBAAF Example Program Text
* Mark 14 Revised. NAG Copyright 1989.
* .. Parameters
INTEGER N
PARAMETER (N=17)
INTEGER NIN, NOUT
PARAMETER (NIN=5,NOUT=6)
* .. Local Scalars ..
real SIG
INTEGER IFAIL, IS, N1
* .. Local Arrays ..
real X(N), Y(N)
* .. External Subroutines
EXTERNAL GOBAAF
* .. Executable Statements

WRITE (NOUT,*) ‘GOSAAF Example Program Results’
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* Skip heading in data file
READ (NIN, *)
READ (NIN,*) X, Y
WRITE (NOUT, %)
WRITE (NOUT,*) ’Sign test’
WRITE (NOUT, *)
WRITE (NOUT,*) ’‘Data values’
WRITE (NOUT, *)
WRITE (NOUT, 99999) X, Y
IFAIL = 0

CALL GOSBAAF(X,Y,N,IS,N1,SIG,IFAIL)

WRITE (NOUT, *)
WRITE (NOUT, 99998) ’'Test statistic r, IS

WRITE (NOUT, 99998) ’'Observations ‘Y, N1
WRITE (NOUT,99997) ’'Lower tail prob. ’, SIG
STOP

*

99999 FORMAT (4X,17F3.0)

99998 FORMAT (1X,A,I5)

99997 FORMAT (1X,A,F5.3)
END

9.2. Program Data

GO8AAF Example Program Data
4 4553253155545252575
23333333232252531
9.3. Program Results
GO8BAAF Example Program Results
Sign test
Data values
4. 4. 5. 5. 3. 2. 5. 3. 1. 5. 5. 5. 4. 5. 5. 5. 5.
2. 3. 3. 3. 3. 3. 3.3.2,3,2.,2.5.2.,5,3.1.
Test statistic 3
Observations 14

Lower tail prob. 0.029
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GOBACF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1. Purpose
GOBACF performs the Median test on two independent samples of possibly unequal size.

2. Specification
SUBROUTINE GOSACF (X, N, N1, W, Il1, I2, P, IFAIL)

INTEGER N, N1, 11, I2, IFAIL
real X(N), W(N), P

3. Description

The Median test investigates the difference between the medians of two independent samples of
sizes n, and n,, denoted by:

X1 Xg000X
and
X 410X n 429X ns n = n,+n,.

The hypothesis under test, H, often called the null hypothesis, is that the medians are the same,
and this is to be tested against the alternative hypothesis H, that they are different.

The test proceeds by forming a 2x2 frequency table, giving the number of scores in each sample
above and below the median of the pooled sample:

Sample 1  Sample 2  Total

Scores < pooled median i, i, i, +1i,
Scores 2 pooled median n, — i, n, — i, n— (i,+i,)
Total n, n, n

Under the null hypothesis, H,,, we would expect about half of each group’s scores to be above the
pooled median and about half below, that is we would expect i, to be about n,/2 and i, to be
about n,/2.

GO8ACEF returns:
(a) The frequencies i, and i,;

(b) The probability, p, of observing a table at least as ‘extreme’ as that actually observed, given
that H,, is true. If n < 40, p is computed directly (‘Fisher’s exact test’); otherwise a y2
approximation is used (see GO1AFF).

H, is rejected by a test of chosen size aif p < a.

4. References

[1] SIEGEL, S.
Nonparametric Statistics for the Behavioral Sciences.
McGraw-Hill, 1956.

5. Parameters
I:  X(N) — real array. Input

On entry: the first n, elements of X must be set to the data values in the first sample, and the
next n, (= N—n,) elements to the data values in the second sample.
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N - INTEGER. . Input
On entry: the total of the two sample sizes, n (= n,+n,).
Constraint: N 2 2.

N1 — INTEGER. Input
On entry: the size of the first sample n,.
Constraint: 1 < N1 < N.

W(N) - real array. Workspace

I1 — INTEGER. Output
On exit: the number of scores in the first sample which lie below the pooled median, i,.

12 — INTEGER. Output
On exit: the number of scores in the second sample which lie below the pooled median, i,.

P — real. Output
On exit: the tail probability p corresponding to the observed dichotomy of the two samples.

IFAIL — INTEGER. Input! Output

On entry: IFAIL must be set to 0, —1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is 0.

On exit: IFAIL = 0 unless the routine detects an error (see Section 6).

Error Indicators and Warnings
Errors detected by the routine:

IFAIL =1

On entry, N < 2.
IFAIL = 2

On entry, N1 < 1,

or N1 2 N.
Accuracy

The probability returned should be accurate enough for practical use.

Further Comments
The time taken by the routine is small, and increases with n.

Example

This example is taken from page 112 of Seigel [1]. The data relate to scores of ‘oral socialisation
anxiety’ in 39 societies, which can be separated into groups of size 16 and 23 on the basis of their
attitudes to illness.
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9.1. Program Text

Note: the listing of the example program presented below uses bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this
manual, the results produced may not be identical for all implementations.

* GO8BACF Example Program Text
* Mark 14 Revised. NAG Copyright 1989.
* .. Parameters ..

INTEGER N

PARAMETER (N=39)

INTEGER NIN, NOUT

PARAMETER (NIN=5, NOUT=6)
* .. Local Scalars ..

real P

INTEGER I, I1, I2, IFAIL, N1
* .. Local Arrays ..

real W1(N), X(N)
* .. External Subroutines ..

EXTERNAL GO8ACF
* .. Executable Statements ..

WRITE (NOUT,*) ’'GO8S8ACF Example Program Results’
* Skip heading in data file

READ (NIN, *)

READ (NIN,*) (X(I),I=1,N)

Nl = 16

WRITE (NOUT, *)

WRITE (NOUT,*) ’'Median test’
WRITE (NOUT, *)

WRITE (NOUT,*) ’'Data values’
WRITE (NOUT, *)

WRITE (NOUT, 99999) Group 1 ', (X(I),I=1,N1)
WRITE (NOUT, *)

WRITE (NOUT,99999) Group 2 ', (X(I),I=N1+1,N)
IFAIL = 0

CALL GOSACF(X,N,N1,Wl,Il,I2,P,IFAIL)

WRITE (NOUT, *)
WRITE (NOUT, 99998) Il1, ’ scores below median in group 1’
WRITE (NOUT, 99998) I2, ’ scores below median in group 2’
WRITE (NOUT, *)
WRITE (NOUT, 99997) ' Significance ', P
STOP
*
99999 FORMAT (1X,A,8F4.0,/(14X,8F4.0))
99998 FORMAT (1X,I6,A)
99997 FORMAT (1X,A,F8.5)
END

9.2. Program Data

GO8ACF Example Program Data
13 612 7 12 7 10 7 10 7 10 7 10 8 9 8
17 6 16 8 15 8 15 10 15 10 14 10 14 11 14 11
13 12 13 12 13 12 12
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9.3. Program Results

GOBACF Example Program Results

Median test

Data values

Group 1 13.
10.

Group 2 17.
15.
13.

13 scores below median in group 1
6 scores below median in group 2

Significance

6. 12. 7.
7. 10. 7.
6. 16. 8.
10. 14. 10.
12. 13. 12.

0.00088

12.
10.

15.
14.
13.

1
1

N = @

10.

15.
14.
12.

10.
11.

GO8 — Nonparametric Statistics
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GOSAEF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1. Purpose

GO8AEF performs the Friedman two-way analysis of variance by ranks on k related samples of
size n.

2. Specification
SUBROUTINE GOBAEF (X, IX, K, N, W1, W2, FR, P, IFAIL)

INTEGER IX, K, N, IFAIL
real X(IX,N), WI(K), W2(K), FR, P

3. Description

The Friedman test investigates the score differences between k matched samples of size n, the
scores in the ith sample being denoted by:

x“,xl‘z,...,xl‘n .
(Thus the sample scores may be regarded as a two-way table with k rows and n columns.) The
hypothesis under test, H, often called the null hypothesis, is that the samples come from the

same population, and this is to be tested against the alternative hypothesis H, that they come
from different populations.

The test is based on the observed distribution of score rankings between the matched
observations in different samples.

The test proceeds as follows:

(a) The scores in each column are ranked, r; denoting the rank within column j of the
observation in row I. Average ranks are assigned to tied scores.

(b) The ranks are summed over each row to give rank sums ¢, = Y r;, fori = L2...k.
J=1

(c) The Friedman test statistic FR is computed, where

12 ¢ 2
= —= — 1)}-.

ke & D)

GO8AEEF returns the value of FR, and also an approximation, p, to the significance of this value.
(FR approximately follows a y/_, distribution, so large values of FR imply rejection of H,). H,,
is rejected by a test of chosen size @ if p < a. The approximation p is acceptable unless k = 4
and n < 5, 0or k =3 and n < 10, or k = 2 and n < 20; for k = 3 or 4, tables should be
consulted; (e.g. N of Siegel [1]) for k = 2 the Sign test (see GOBAAF) or Wilcoxon test (see
GO8AGF) is in any case more appropriate.

FR

4. References

[1] SIEGEL, S.
Nonparametric Statistics for the Behavioral Sciences.
McGraw-Hill, 1956.

5. Parameters

1:  X(IXN) - real array. Input
Onentry: X(i,j) must be set to the value, x;, of observation j in sample i, for i = L2....k;
J = 12..,n
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2: IX - INTEGER. Input

On entry: the first dimension of the array X as declared in the (sub)program from which
GOSAEF is called.

Constraint: IX 2 K.

3: K - INTEGER. Input
On entry: the number of samples, k.
Constraint: K > 1.

4: N - INTEGER. Input
On entry: the size, n, of each sample.
Constraint: N 2 1.

5.  WI1(K) - real array. Workspace

6:  W2(K) - real array. Workspace

72 FR - real. | Output
On exit: the value of the Friedman test statistic, FR.

8: P-real Output
On exit: the approximate significance, p, of the Friedman test statistic.

9: IFAIL - INTEGER. Input/ Output

Onentry: IFAIL must be set to 0, -1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is 0.

On exit: IFAIL = 0 unless the routine detects an error (see Section 6).

6. Error Indicators and Warnings
Errors detected by the routine:

IFAIL = 1
On entry, N < 1.
IFAIL = 2

On entry, IX < K.

IFAIL = 3
On entry, K < 1.

7. Accuracy

For estimates of the accuracy of the significance p, see GO1ECF. The x° approximation is
acceptable unless k = 4andn < 5,ork = 3andn < 10,0ork = 2 and n < 20.

8. Further Comments
The time taken by the routine is approximately proportional to the product nk.
If k = 2, the Sign test (see GOBAAF) or Wilcoxon test (see GOBAGF) is more appropriate.

9. Example

This example is taken from page 169 of Siegel [1]. The data relate to training scores of three
matched samples of 18 rats, trained under three different patterns of reinforcement.
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9.1. Program Text

GOSAEF

Note: the listing of the example program presented below uses bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this

manual, the results produced may not be identical for all implementations.

* GO8AEF Example Program Text
* Mark 14 Revised. NAG Copyright 1989.
* .. Parameters ..
INTEGER K, N, IX
PARAMETER (K=3,N=18, IX=K)
INTEGER NIN, NOUT
PARAMETER (NIN=5, NOUT=6)
* .. Local Scalars ..
real FR, SIG
INTEGER I, IFAIL, J
* .. Local Arrays ..
real W1(K), W2(K), X(IX,N)
* .. External Subroutines ..
EXTERNAL GO8AEF
* .. Executable Statements ..
WRITE (NOUT,*) ‘GO8AEF Example Program Results’

* Skip heading in data file
READ (NIN, *)
READ (NIN,*) ((X(I1,J),J=1,18),1I=1,3)

WRITE (NOUT, *)

WRITE (NOUT,*) ’'Friedman test’

WRITE (NOUT, *)

WRITE (NOUT,*) ’‘Data values’

WRITE (NOUT, *)

WRITE (NOUT,*) ' Group Group Group’
WRITE (NOUT,*) ‘ 1 2 3

WRITE (NOUT, 99997) ((X(I,J),I=1,3),J=1,18)
IFAIL = 0

CALL GO8AEF(X,IX,K,N,Wl,W2,FR,SIG, IFAIL)

WRITE (NOUT, *)
WRITE (NOUT, 99999) ’'Test statistic 4
WRITE (NOUT, 99998) ’'Degrees of freedom ’
WRITE (NOUT, 99999) ’'Significance !
STOP

*

99999 FORMAT (1X,A,F6.3)

99998 FORMAT (1X,A,I6)

99997 FORMAT (1X,F7.1,2F6.1)

END

9.2. Program Data

GO8AEF Example Program Data

12 1 1 3 2 3 1 3 3 2 2 3 2 2.5
3 33 21 3 2 3 1 1 3 3 2 3 2.5
21 2 3 2 11 2 2 2 1 1 1 1 1 1
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9.3. Program Results
GOBAEF Example Program Results

Friedman test
Data wvalues

Group Group Group
2

1 3

1.0 3.0 2.0

2.0 3.0 1.0

1.0 3.0 2.0

1.0 2.0 3.0

3.0 1.0 2.0

2.0 3.0 1.0

3.0 2.0 1.0

1.0 3.0 2.0

3.0 1.0 2.0

3.0 1.0 2.0

2.0 3.0 1.0

2.0 3.0 1.0

3.0 2.0 1.0

2.0 3.0 1.0

2.5 2.5 1.0

3.0 2.0 1.0

3.0 2.0 1.0

2.0 3.0 1.0
Test statistic 8.583
Degrees of freedom 2
Significance 0.014
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GOSAFF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1. Purpose

GOSAFF performs the Kruskal-Wallis one-way analysis of variance by ranks on k independent
samples of possibly unequal sizes.

2. Specification
SUBROUTINE GO8AFF (X, LX, L, K, W, H, P, IFAIL)

INTEGER LX, L(K), K, IFAIL
real X(LX), W(LX), H, P

3. Description

The Kruskal-Wallis test investigates the differences between scores from k independent samples
of unequal sizes, the ith sample containing /; observations. The hypothesis under test, H,, often
called the null hypothesis, is that the samples come from the same population, and this is to be
tested against the alternative hypothesis H, that they come from different populations.

The test proceeds as follows:
(a) The pooled sample of all the observations is ranked. Average ranks are assigned to tied

scores.
(b) The ranks of the observations in each sample are summed, to give the rank sums R, for
i= 12,k
(c) The Kruskal-Wallis’ test statistic H is computed as:
12 k R.'z k
H= ———723 — — 3(N+1), hy N=))1,
NNa) & 1~ SWFD,  where 2

i.e. N is the total number of observations. If there are tied scores, H is corrected by dividing
by:

G
N*-N
where ¢ is the number of tied scores in a group and the summation is over all tied groups.

GOSAFF returns the value of H, and also an approximation, p, to the probability of a value of at
least H being observed, H, is true. (H approximately follows a y,_, distribution). H, is rejected
by a test of chosen size a if p < c. The approximation p is acceptable unless k = 3 and /,, /,
or I, < 5 in which case tables should be consulted (e.g. O of Seigel [1]) or k = 2 (in which
case the Median test (see GOSACF) or the Mann-Whitney U test (see GOSBAHF) is more
appropriate).

1

4. References

[1] SIEGEL, S.
Nonparametric Statistics for the Behavioral Sciences.
McGraw-Hill, 1956.

[2] MOORE, P.G. SHIRLEY, E.A. and EDWARDS, D.E.
Standard Statistical Calculations.
Pitman, 1972.
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Parameters :
X(LX) — real array. Input
On entry: the elements of X must contain the observations in the K groups. The first [/,

elements must contain the scores in the first group, the next /, those in the second group,
and so on.

LX — INTEGER. Input
On entry: the total number of observations, N.

k
Constraint: LX = Y L(i).
i=1
L(K) — INTEGER array. Input
On entry: L(i) must contain the number of observations /; in sample i, for i = 1,2,...,k.
Constraint: L(i) > 0, fori = 1,2,...k.

K — INTEGER. Input
On entry: the number of samples, k.
Constraint: K 2 2.

W (LX) - real array. Workspace

H - real. Output
On exit: the value of the Kruskal-Wallis test statistic, H.

P - real. Input
On exit: the approximate significance, p, of the Kruskal-Wallis test statistic.

IFAIL — INTEGER. Input/ Output

On entry: IFAIL must be set to 0, —1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is 0.

Onexit: IFAIL = O unless the routine detects an error (see Section 6).

Error Indicators and Warnings
Errors detected by the routine:
IFAIL =1

On entry, K < 2.

IFAIL = 2
On entry, L(i) < 0 for some i, i = 1,2,...,k.

IFAIL = 3

k
On entry, LX # Y L(i).

i=1

IFAIL = 4
On entry, all the observations were equal.
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GOSAFF

7. Accuracy ,
For estimates of the accuracy of the significance p, see GO1ECF. The y* approximation is
acceptable unless ¥ = 3 and /,,/, orl; < 5.

8. Further Comments
The time taken by the routine is small, and increases with N and k.
If k = 2, the Median test (see GOBACF) or the Mann-Whitney U test (see GOSAHF) is more
appropriate.

9. Example
This example is taken from Moore et al. [2]. There are 5 groups of sizes 5, 8, 6, 8 and 8. The
data represent the weight gain, in pounds, of pigs from five different litters under the same
conditions.

9.1. Program Text

INP2834117)

Note: the listing of the example program presented below uses bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this
manual, the results produced may not be identical for all implementations.

* GOBAFF Example Program Text
* Mark 14 Revised. NAG Copyright 1989.
* .. Parameters ..
INTEGER K, LMAX
PARAMETER (K=5,LMAX=35)
INTEGER NIN, NOUT
PARAMETER (NIN=5,NOUT=6)
* .. Local Scalars ..
real H, P
INTEGER I, IFAIL, II, LX, NHI, NI, NLO
* .. Local Arrays ..
real W1(LMAX), X(LMAX)
INTEGER L(K)
* .. External Subroutines ..
EXTERNAL GOBAFF
* .. Executable Statements ..
WRITE (NOUT,*) ‘GOBAFF Example Program Results’
* Skip heading in data file

READ (NIN, *)
READ (NIN,*) L

WRITE (NOUT, *)
WRITE (NOUT,*) ‘Kruskal-Wallis test’
WRITE (NOUT, *)
WRITE (NOUT,*) ‘Data values’
WRITE (NOUT, *)
WRITE (NOUT,*) “ Group Observations’
LX =0
DO 20 I =1, K
LX = LX + L(I)
20 CONTINUE
IF (LX.LE.LMAX) THEN

READ (NIN, *)
IFAIL = O
NLO = 1
DO 40 I =1, K
NI = L(I)
NHI = NLO + NI - 1
WRITE (NOUT,99999) I,
NLO = NLO + NI
40 CONTINUE

(X(I),I=1,LX)

(X(II),II=NLO,NHI)
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CALL GO8AFF(X,LX,L,K,W1,H,P,IFAIL)

WRITE (NOUT, *)

WRITE (NOUT,b99998) ’‘Test statistic ’, H
WRITE (NOUT,99997) ‘Degrees of freedom /, K -1
WRITE (NOUT,99998) ’Significance ’, P
END IF :
STOP

*
99999 FORMAT (1X,I5,5X,10F4.0)
99998 FORMAT (1X,A,F9.3)
99997 FORMAT (1X,A,I9)
END

9.2. Program Data

GOBAFF Example Program Data
58 6 88
23 27 26 19 30 29 25 33 36 32
28 30 31 38 31 28 35 33 36 30
27 28 22 33 34 34 32 31 33 3
28 30 24 29 30

9.3. Program Results
GOSAFF Example Program Results
Kruskal-wallis test

Data values

Group Observations
1 23. 27. 26. 19. 30.
2 29. 25. 33. 36. 32. 28. 30. 31.
3 38. 31. 28. 35. 33. 36.
4 30. 27. 28. 22. 33. 34. 34. 32.
5 31. 33. 31. 28. 30. 24. 29. 30.
Test statistic 10.537
Degrees of freedom 4
Significance 0.032
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GOSBAGF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1. Purpose
GO8AGEF performs the Wilcoxon signed rank test on a single sample of size n.

2. Specification
SUBROUTINE GO8AGF (N, X, XME, TAIL, ZEROS, W, WNOR, P, N1,

1 WRK, IFAIL)
INTEGER N, N1, IFAIL
real X(N), XME, W, WNOR, P, WRK(3*N)

CHARACTER*1 TAIL, ZEROS

3. Description

The Wilcoxon one sample signed rank test may be used to test whether a particular sample came
from a population with a specified median. It is assumed that the population distribution is
symmetric. The data consist of a single sample of n observations denoted by x,,x,,...,.x,,. This
sample may arise from the difference between pairs of observations from two matched samples
of equal size taken from two populations, in which case the test may be used to test whether the
median of the first population is the same as that of the second population.

The hypothesis under test, H,, often called the null hypothesis, is that the median is equal to
some given value (X,,,), and this is to be tested against an alternative hypothesis H, which is

H, : population median # X, _,; or
H, : population median > X,,,; or
H, : population median < X,,,,

using a two-tailed, upper-tailed or lower-tailed probability respectively. The user selects the
alternative hypothesis by choosing the appropriate tail probability to be computed (see the
description of argument TAIL in Section 5).

The Wilcoxon test differs from the Sign test (see GOBAAF) in that the magnitude of the scores
is taken into account, rather than simply the direction of such scores.

The test procedure is as follows:

(a) For each x,, fori = 1,2,...,n, the signed difference d; = x;, - X, , is found, where X, , is
a given test value for the median of the sample.

(b) The absolute differences |d, | are ranked with rank r; and any tied values of |d,| are assigned
the average of the tied ranks. The user may choose whether or not to ignore any cases where
d; = 0 by removing them before or after ranking (see the description of the argument
ZEROS in Section 5).

(c) The number of non-zero d,’s is found.
(d) To each rank is affixed the sign of the d; to which it corresponds. Let s; = sign(d;)r;
(e) The sum of the positive-signed ranks, W = Y s, = Y max(s,,0.0), is calculated.
s; >0 i=1
GO8AGEF returns:
(a) The test statistic W;
(b) The number n, of non-zero d,’s;
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(c) The approximate Normal test statistic z,

n,(n,+1) . n,(n,+1) 1‘
(W—T) sign (W———T———>xi

1,

(d) The tail probability, p, corresponding to W, depending on the choice of the alternative
hypothesis, H,.

where z =

If n, < 80, p is computed exactly; otherwise, an approximation to p is returned based on an
approximate Normal statistic corrected for continuity according to the tail specified.

The value of p can be used to perform a significance test on the median against the alternative
hypothesis. Let o be the size of the significance test (that is, & is the probability of rejecting H,,
when H, is true). If p < o then the null hypothesis is rejected. Typically & might be 0.05 or
0.01.

References

[1] CONOVER, W.J.
Practical Nonparametric Statistics, Ch. 5, pp. 280-293.
John Wiley & Sons, New York, 1980.

[2] NEUMANN, N.
Some Procedures for Calculating the Distributions of Elementary Nonparametric
Teststatistics.
Statistical Software Newsletter, 14, 3, pp. 120-126, 1988.

[3] SIEGEL, S.
Nonparametric Statistics for the Behavioral Sciences, Ch. 5, pp. 75-83.
McGraw-Hill, 1956.

Parameters

N - INTEGER. Input
On entry: the size of the sample, n.
Constraint: N 2 1.

X(N) — real array. Input
On entry: the sample observations, x,,x,,...,.X,.

XME - real. Input
On entry: the median test value, X, ,.

TAIL — CHARACTER*1. Input
On entry: indicates the choice of tail probability, and hence the alternative hypothesis.
If TAIL = 'T'or 't,, then a two-tailed probability is calculated and the alternative hypothesis
is H, : population median # X, _,.
If TAIL = 'U' or U/, then a upper-tailed probability is calculated and the alternative
hypothesis is H, : population median > X,,,,.

If TAIL = L' or T, then a lower-tailed probability is calculated and the alternative
hypothesis is H, : population median < X,,,,.

Constraint: TAIL = 'T', 't', 'U', ', L' or 'I".
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10:

11:

ZEROS — CHARACTER*1. , Input
On entry: indicates whether or not to include the cases where d; = 0.0 in the ranking of the
d;’s.

If ZEROS = 'Y'or 'y, all d; = 0.0 are included when ranking.
If ZEROS = 'N' or n', all d; = 0.0, are ignored, that is all cases where d; = 0.0 are
removed before ranking.

Constraint: ZEROS = 'Y','y', 'N' or n'.

W — real. Output
On exit: the Wilcoxon rank sum statistic, W, being the sum of the positive ranks.

WNOR - real. Output
On exit: the approximate Normal test statistic, z, as described in Section 3.

P — real. Output
On exit: the tail probability, p, as specified by the parameter TAIL.

N1 - INTEGER. Output
On exit: the number of non-zero d,’s, n,.

WRK (3*%N) — real array. Workspace

IFAIL — INTEGER. Input/ OQutput

On entry: IFAIL must be set to 0, —1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is 0.

On exit: IFAIL = 0 unless the routine detects an error (see Section 6).

Error Indicators and Warnings
Errors detected by the routine:

If on entry IFAIL = 0 or -1, explanatory error messages are output on the current error message
unit (as defined by X04AAF).

IFAIL =1
On entry, TAIL = 'T",'t, 'U', w, L' or I".
or ZEROS # 'Y','y','N'or n'.
IFAIL = 2

On entry, N < 1.

IFAIL = 3
The whole sample is identical to the given median test value.

Accuracy

The approximation used to calculate p when n, > 80 will return a value with a relative error of
less than 10 percent for most cases. The error may increase for cases where there are a large
number of ties in the sample.

Further Comments

The time taken by the routine increases with n,, until n, > 80, from which point on the
approximation is used. The time decreases significantly at this point and increases again
modestly with n, for n, > 80.
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9.

9.1.

Page 4

Example

The following example performs the Wilcoxon signed rank test on two matched samples of size
8, taken from two populations. The distribution of the differences between pairs of observations
from the two populations is assumed to be symmetric. The test is used to test whether the
medians of the two distributions of the populations are equal or not. The test statistic, the
approximate Normal statistic and the two-tailed probability are computed and printed.

Program Text

Note: the listing of the example program presented below uses bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this
manual, the results produced may not be identical for all implementations.

* GO8AGF Example Program Text
* Mark 14 Release. NAG Copyright 1989.
* .. Parameters ..
INTEGER MAXN
PARAMETER (MAXN=10)
INTEGER NIN, NOUT
PARAMETER (NIN=5, NOUT=6)
real XME
PARAMETER (XME=0.0e0)
* .. Local Scalars ..
real P, RS, RSNOR
INTEGER I, IFAIL, N, Nzl
* .. Local Arrays ..
real WRK(3*MAXN), X(MAXN), Y(MAXN), Z(MAXN)
* .. External Subroutines ..
EXTERNAL GO8AGF
* .. Executable Statements ..
WRITE (NOUT,*) ’'GO8AGF Example Program Results’
* Skip heading in data file

READ (NIN, %)

READ (NIN,*) N

IF (N.LE.MAXN) THEN
READ (NIN,*) (X(I),I=1,N), (¥Y(I),I=1,N)
WRITE (NOUT, *)
WRITE (NOUT,*) ‘Wilcoxon one sample signed ranks test’
WRITE (NOUT, *)
WRITE (NOUT,*) ‘Data values’
WRITE (NOUT,99999) (X(I),I=1,N), (Y(I),I=1,N)
DO 20 I =1, N

Z(I) = X(I) - ¥Y(I)
20 CONTINUE

IFAIL = 0

CALL GO8AGF(N, Z,XME, ' Two-tail’,’Nozeros’,RS,RSNOR,P,NZ1,WRK,
+ IFAIL)

WRITE (NOUT, *)

WRITE (NOUT,99998) 'Test statistic ="', RS
WRITE (NOUT, 99998) ’'Normalized test statistic = ’, RSNOR
WRITE (NOUT,99997) ’'Degrees of freedom =7, NzZ1
WRITE (NOUT,99998) ’'Two tail probability ="', P
ELSE
WRITE (NOUT,99996) 'N is too large : N ="', N
END IF
STOP

99999 FORMAT (4X,8F5.1)

99998 FORMAT (1X,A,F8.4)

99997 FORMAT (1X,A,IS8)

99996 FORMAT (1X,A,I16)
END
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9.2. Program Data

GO8AGF Example Program Data
8
82 69 73 43 58 56 76 65
63 42 74 37 51 43 80 62

9.3. Program Results
GO8AGF Example Program Results
Wilcoxon one sample signed ranks test
Data values

82.0 69.0 73.0 43.0 58.0 56.0 76.0 65.0
63.0 42.0 74.0 37.0 51.0 43.0 80.0 62.0

Test statistic = 32.0000
Normalized test statistic = 1.8904
Degrees of freedom = 8
Two tail probability = 0.0547

[NP1692/14] Page 5 (last)
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GO8SAHF — NAG Fortran Library Routine Document

Note. Before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold
italicised terms and other implementation-dependent details.

1 Purpose

GOSAHF performs the Mann-Whitney U test on two independent samples of possibly unequal size.

2 Specification

SUBROUTINE GOSAHF(Ni, X, N2, Y, TAIL, U, UNOR, P, TIES, RANKS,

1 WRK, IFAIL)

INTEGER N1, N2, IFAIL

real X(N1), Y(N2), U, UNOR, P, RANKS(N1+N2),
1 WRK(N14N2)

LOGICAL TIES

CHARACTER*1 TAIL

3 Description

The Mann—-Whitney U test investigates the difference between two populations defined by the distribution
functions F(z) and G(y) respectively. The data consist of two independent samples of size n, and n,,
denoted by z,,z,,...,z,, and y;,9,,.-.,Y,,, taken from the two populations.

The hypothesis under test, H,, often called the null hypothesis, is that the two distributions are the
same, that is F/(z) = G(z), and this is to be tested against an alternative hypothesis H; which is

H,: F(z)# G(y); or
H, : F(z) < G(y), i.e., the z’s tend to be greater than the y’s; or
H, : F(z) > G(y), i.e., the z’s tend to be less than the y’s,

using a two-tailed, upper-tailed or lower-tailed probability respectively. The user selects the alternative
hypothesis by choosing the appropriate tail probability to be computed (see the description of argument
TAIL in Section 5).

Note that when using this test to test for differences in the distributions one is primarily detecting
differences in the location of the two distributions. That is to say, if we reject the null hypothesis H in
favour of the alternative hypothesis H,: F(z) > G(y) we have evidence to suggest that the location, of
the distribution defined by F(z), is less than the location, of the distribution defined by G(y).

The Mann-Whitney U test differs from the Median test (see GO8ACF) in that the ranking of the individual
scores within the pooled sample is taken into account, rather than simply the position of a score relative
to the median of the pooled sample. It is therefore a more powerful test if score differences are meaningful.

The test procedure involves ranking the pooled sample, average ranks being used for ties. Let r;; be
the rank assigned to z;,7=1,2,...,n; and ry; the rank assigned to y;, j = 1,2,...,n,. Then the test
statistic U is defined as follows;

ni
n,(n, +1)
U:E rli_%_.
i=1

U is also the number of times a score in the second sample precedes a score in the first sample (where
we only count a half if a score in the second sample actually equals a score in the first sample).

GO8AHF returns:
(a) The test statistic U.
(b) The approximate Normal test statistic,
- U —mean(U) % 1

var(U)
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(d)

[1]
[2]

(3]

where
mean(U) = n12n2
and
var(U) = nlnz(nll_; net D) - (n, + nz)?vl:i ny — 1) TS
where

76 = XT: () —1)(E; + 1)

‘ 12
=1

7 is the number of groups of ties in the sample and ¢; is the number of ties in the jth group.

. . . nn
Note that if no ties are present the variance of U reduces to ;22 (ny +ny+1).

An indicator as to whether ties were present in the pooled sample or not.

The tail probability, p, corresponding to U (adjusted to allow the complement to be used in an
upper 1-tailed or a 2-tailed test), depending on the choice of TAIL, i.e., the choice of alternative
hypothesis, H,. The tail probability returned is an approximation of p is based on an approximate
Normal statistic corrected for continuity according to the tail specified. If n; and n, are not very
large an exact probability may be desired. For the calculation of the exact probability see GO8AJF
(no ties in the pooled sample) or GOBAKF (ties in the pooled sample).

The value of p can be used to perform a significance test on the null hypothesis H, against the
alternative hypothesis H,. Let « be the size of the significance test (that is, o is the probability of
rejecting H, when H is true). If p < o then the null hypothesis is rejected. Typically o might be
0.05 or 0.01.

References

Conover W J (1980) Practical Nonparametric Statistics Wiley

Neumann N (1988) Some procedures for calculating the distributions of elementary nonparametric
teststatistics Statistical Software Newsletter 14 (3) 120-126

Siegel S (1956) Non-parametric Statistics for the Behavioral Sciences McGraw-Hill

Parameters

N1 — INTEGER Input

On ezit: the number of non-tied pairs, n,.

X(N1) — real array Input
On entry: the first vector of observations, z,z,,...,z, .
N2 — INTEGER Input

On entry: the size of the second sample, n,.

Constraint: N2 > 1.

Y(N2) — real array Input

On entry: the second vector of observations. y;,ys, .-, Yp,-

GOSAHF.2 [NP3086/18]
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10:

11:

12:

6

TAIL — CHARACTER*1 Input
On entry: indicates the choice of tail probability, and hence the alternative hypothesis.

If TAIL = 'T°, then a two-tailed probability is calculated and the alternative hypothesis is
H,: F(z) # G(y).

If TAIL = ’U’, then an upper-tailed probability is calculated and the alternative hypothesis
H, : F(z) < G(y), i.e., the 2’s tend to be greater than the y’s.

If TAIL = 'L’, then a lower-tailed probability is calculated and the alternative hypothesis H, :
F(z) > G(y), i.e., the z’s tend to be less than the y’s.

Constraint: TAIL = "T°,’U’ or 'L’.
U — real QOutput

On erit: the Mann-Whitney rank sum statistic, U.

UNOR — real Output
On exit: the approximate Normal test statistic, z, as described in Section 3.

P — real Output
On ezxit: the tail probability, p, as specified by the parameter TAIL.

TIES — LOGICAL Output

On erit: indicates whether the pooled sample contained ties or not. This will be useful in checking
which routine to use should one wish to calculate an exact tail probability.

TIES = .FALSE., no ties were present (use GO8AJF for an exact probability).
TIES = .TRUE., ties were present (use GOBAKF for an exact probability).

RANKS(N1+N2) — real array Output

On ezit: contains the ranks of the pooled sample. The ranks of the first sample are contained in
the first N1 elements and those of the second sample are contained in the next N2 elements.

WRK(N1+N2) — real array Workspace
IFAIL — INTEGER Input/Output

On entry: IFAIL must be set to 0, —1 or 1. For users not familiar with this parameter (described
in Chapter P01) the recommended value is 0.

On exit: IFAIL = 0 unless the routine detects an error (see Section 6).

Error Indicators and Warnings

If on entry IFAIL = 0 or —1, explanatory error messages are output on the current error message unit
(as defined by X04AAF).

Errors detected by the routine:
IFAIL = 1

On entry, N1< 1,
or N2< 1.

IFAIL = 2

On entry, TAIL #’T’,’U’ or 'L’.

IFAIL = 3

The pooled sample values are all the same, that is the variance of U = 0.0.
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7 Accuracy

The approximate tail probaility, p, returned by GOSAHF is a good approximation to the exact probability
for cases where max(n,n,) > 30 and (n, + n,) > 40. The relative error of the approximation should be
less than 10 percent, for most cases falling in this range.

8 Further Comments

The time taken by the routine increases with n; and n,.

9 Example

The example program performs the Mann—Whitney test on two independent samples of sizes 16 and 23
respectively. This is used to test the null hypothesis that the distributions of the two populations from
which the samples were taken are the same against the alternative hypothesis that the distributions are
different. The test statistic, the approximate Normal statistic and the approximate two-tail probability
are printed. An exact tail probability is also calculated and printed depending on whether ties were found
in the pooled sample or not.

9.1 Program Text

Note. The listing of the example program presented below uses bold italicised terms to denote precision-dependent details.
Please read the Users’ Note for your implementation to check the interpretation of these terms. As explainedin the Essential
Introduction to this manual, the results produced may not be identical for all implementations.

GOSAHF 4

+

GOBAHF Example Program Text
Mark 14 Release. NAG Copyright 1989.

. Parameters ..
INTEGER NIN, NOUT
PARAMETER (NIN=5,NOUT=6)
INTEGER MAXN1, MAXN2, MAXLW, MAXIW
PARAMETER (MAXN1=25,MAXN2=25, MAXLW=8000,MAXIW=100)
. Local Scalars ..
real P, PEXACT, U, UNOR
INTEGER I, IFAIL, LWRK, N, N1, N2, NSUM
LOGICAL TIES
. Local Arrays ..
real RANKS (MAXN1+MAXN2), WRK(MAXLW), X(MAXN1),
Y(MAXN2)
INTEGER IWRK(MAXIW)
. External Subroutines ..
EXTERNAL GOBAHF, GO8AJF, GOSAKF
. Intrinsic Functions ..
INTRINSIC INT, MIN

. Executable Statements ..
WRITE (NOUT,*) ’'GOSBAHF Example Program Results’
Skip heading in data file
READ (NIN,*)
READ (NIN,*) N1, N2
WRITE (NOUT,*)
WRITE (NOUT,99999) ’Sample size of group 1 = ’, Ni
WRITE (NOUT,99999) ’Sample size of group 2 , N2
WRITE (NOUT,*)
IF (N1.LE.MAXN1 .AND. N2.LE.MAXN2) THEN
READ (NIN,*) (X(I),I=1,N1)
WRITE (NOUT,*) ’Mann-Whitney U test’
WRITE (NOUT,*)
WRITE (NOUT,*) ’Data values’

L[]
-
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99999
99998
99997
99996

WRITE (NOUT,*)

WRITE (NOUT,99998) ° Group 1 ’, (X(I),I=1,N1)
READ (NIN,*) (Y(I),I=1,N2)

WRITE (NOUT,*)

WRITE (NOUT,99998) ° Group 2 ’, (Y(I),I=1,N2)
IFAIL =

CALL GOSAHF(N1,X,N2,Y,’Lower-tail’,U,UNOR,P,TIES,RANKS,WRK,
IFAIL)

WRITE (NOUT,*)

WRITE (NOUT,99997) ’Test statistic =, 0

WRITE (NOUT,99997) ’Normal Statistic ’, UNOR

WRITE (NOUT,99997) ’Approx. tail probability , P

WRITE (NOUT,*)

IF ( .NOT. TIES) THEN
WRITE (NOUT,*) ’There are no ties in the pooled sample’
LWRK = INT(N1*N2/2) + 1

CALL GO8AJF(N1,N2,’Lower-tail’,U,PEXACT,WRK,LWRK,IFAIL)

ELSE
WRITE (NOUT,*) ’There are ties in the pooled sample’
N = MIN(N1,N2)
NSUM = N1 + N2
LWRK = N + N*(N+1)*NSUM - N#(N+1)*(2*N+1)/3 + 1

CALL GOBAKF(N1,N2,’Lower-tail’,RANKS,U,PEXACT,WRK,LWRK,IWRK,
IFAIL)

END IF

WRITE (NOUT,*)

WRITE (NOUT,99997) ’Exact tail probability = ’, PEXACT
ELSE

WRITE (NOUT,*) ’Either N1 or N2 is out of range :’

WRITE (NOUT,99996) 'Ni1 = ’, N1, ’ and N2 = ’, N2
END IF
STOP

FORMAT (1X,A,I5)

FORMAT (1X,A,8F5.1,2(/14X,8F5.1))
FORMAT (1X,A,F10.4)

FORMAT (1X,A,I16,A,116)

END

9.2 Program Data

GOBAHF Example Program Data

16 23
13.0
10.0
17.0
14.0

[NP3086,/18]
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9.3

Program Results

GOBAHF Example Program

Sample size of group 1 =

Sample size of group 2

Mann-Whitney U test

Data values

Group 1

Group 2

Test statistic
Normal Statistic
Approx. tail probability

[y
~N o
o o
(RS

[y
w o N
o O O
[
N OO
o O O
-
» O

[y
[y

DN

-

-
w

G08 — Nonparametric Statistics

Results

16
23
0 7.012.0 7.0 10.0 7.0
0 7.0 10.0 8.0 9.0 8.0
0 8.0 15.0 8.0 15.0 10.0
0 10.0 14.0 11.0 14.0 11.0
0 12.0 13.0 12.0 12.0
86.0000
-2.8039
0.0025

There are ties in the pooled sample

Exact tail probability =

0.0020

GOSAHF.6 (last)
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GO8AJF — NAG Fortran Library Routine Document

Note. Before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold
italicised terms and other implementation-dependent details.

1 Purpose

GOSAIJF calculates the exact tail probability for the Mann-Whitney rank sum test statistic for the case
where there are no ties in the two samples pooled together.

2 Specification

SUBROUTINE GOSAJF(N1, N2, TAIL, U, P, WRK, LWRK, IFAIL)

INTEGER N1, N2, LWRK, IFAIL
real U, P, WRK(LWRK)
CHARACTER*1 TAIL

3 Description

GO8AJF computes the exact tail probability for the Mann-Whitney U test statistic (calculated by
GO8AHF and returned through the parameter U) using a method based on an algorithm developed
by Harding [2], and presented by Neumann (3], for the case where there are no ties in the pooled sample.

The Mann-Whitney U test investigates the difference between two populations defined by the distribution
functions F(z) and G(y) respectively. The data consist of two independent samples of size n; and n,,
denoted by z,,z,,...,2, and y;,¥,, .., Yy,,, taken from the two populations.

The hypothesis under test, H,, often called the null hypothesis, is that the two distributions are the
same, that is F(z) = G(z), and this is to be tested against an alternative hypothesis H, which is

H,: F(z) # G(y); or

H, : F(z) < G(y), i.e., the z’s tend to be greater than the y’s; or

H, : F(z) > G(y), i.e., the z’s tend to be less than the y’s,
using a two-tailed, upper-tailed or lower-tailed probability respectively. The user selects the alternative

hypothesis by choosing the appropriate tail probability to be computed (see the description of argument
TAIL in Section 5).

Note that when using this test to test for differences in the distributions one is primarily detecting
differences in the location of the two distributions. That is to say, if we reject the null hypothesis H, in
favour of the alternative hypothesis H,: F(z) > G(y) we have evidence to suggest that the location, of
the distribution defined by F(z), is less than the location, of the distribution defined by G(y).

GOSAJF returns the exact tail probability, p, corresponding to U, depending on the choice of alternative
hypothesis, H;.

The value of p can be used to perform a significance test on the null hypothesis H against the alternative
hypothesis H,. Let a be the size of the significance test (that is, o is the probability of rejecting H,
when H| is true). If p < o then the null hypothesis is rejected. Typically & might be 0.05 or 0.01.

4 References

[1] Conover W J (1980) Practical Nonparametric Statistics Wiley

[2] Harding E F (1983) An efficient minimal-storage procedure for calculating the Mann-Whitney U,
generalised U and similar distributions Appl. Statist. 33 1-6

[3] Neumann N (1988) Some procedures for calculating the distributions of elementary nonparametric
teststatistics Statistical Software Newsletter 14 (3) 120-126
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[4] Siegel S (1956) Non-parametric Statistics for the Behavioral Sciences McGraw-Hill

5 Parameters

1: N1 — INTEGER Input

On ezit: the number of non-tied pairs, n;.

2: N2 — INTEGER Input
On entry: the size of the second sample, n,.
Constraint: N2 > 1.

3: TAIL — CHARACTER*1 Input

On entry: indicates the choice of tail probability, and hence the alternative hypothesis.

If TAIL = ’T°, then a two-tailed probability is calculated and the alternative hypothesis is
H,: F(z) # G(y).

If TAIL = ’U’, then an upper-tailed probability is calculated and the alternative hypothesis
H, : F(z) < G(y), i.e., the z’s tend to be greater than the y’s.

If TAIL = ’L’, then a lower-tailed probability is calculated and the alternative hypothesis H, :
F(z) > G(y), i.e., the z’s tend to be less than the y’s.

Constraint: TAIL = "T°, U’ or ’L’.

4: U — real Input

On entry: the value of the Mann—Whitney rank sum test statistic, /. This is the statistic returned
through the parameter U by GOSAHF.

Constraint: U > 0.0.

5: P —real Output
On ezit: the exact tail probability, p, as specified by the parameter TAIL.

6: WRK(LWRK) — real array Workspace

7: LWRK — INTEGER Input
On entry: the dimension of the array WRK as declared in the (sub)program from which GO8AJF
is called.

Constraint: LWRK > (N1 x N2)/2 + 1.

8: IFAIL — INTEGER Input/OQutput

On entry: IFAIL must be set to 0, —1 or 1. For users not familiar with this parameter (described
in Chapter P01) the recommended value is 0.

On exit: IFAIL = 0 unless the routine detects an error (see Section 6).

6 Error Indicators and Warnings

If on entry IFAIL = 0 or —1, explanatory error messages are output on the current error message unit
(as defined by X04AAF).

Errors detected by the routine:
IFAIL =1

On entry, N1 < 1,
or N2< 1.
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IFAIL = 2

On entry, TAIL # 'T’,’U’ or 'L’
IFAIL = 3

On entry, U < 0.0.
IFAIL = 4

On entry, LWRK < (N1 x N2)/2 + 1.

7 Accuracy

The exact tail probability, p, is computed to an accuracy of at least 4 significant figures.

8 Further Comments

The time taken by the routine increases with n; and n, and the product nn,.

9 Example

The example program finds the Mann—-Whitney test statistic, using GOSAHF for two independent samples
of size 16 and 23 respectively. This is used to test the null hypothesis that the distributions of the two
populations from which the samples were taken are the same against the alternative hypothesis that
the distributions are different. The test statistic, the approximate normal statistic and the approximate
two-tail probability are printed. GO8AJF is then called to obtain the exact two-tailed probability. The
exact probability is also printed.

9.1 Program Text

Note. The listing of the example program presented below uses bold italicised terms to denote precision-dependent details.
Please read the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential
Introduction to this manual, the results produced may not be identical for all implementations.

* GOBAJF Example Program Text
* Mark 14 Release. NAG Copyright 1989.
* .. Parameters ..
INTEGER NIN, NOUT
PARAMETER (NIN=5,NOUT=6)
INTEGER MAXN1, MAXN2, MAXL
PARAMETER (MAXN1=25,MAXN2=25,MAXL=200)
* .. Local Scalars ..
real P, PEXACT, U, UNOR
INTEGER I, IFAIL, LWRK, N1, N2
LOGICAL TIES
* .. Local Arrays ..
real RANKS (MAXN1+MAXN2), WRK(MAXL), X(MAXN1), Y(MAXN2)
* .. External Subroutines ..
EXTERNAL GO8BAHF, GOBAJF
* .. Intrinsic Functions ..
INTRINSIC INT
* .. Executable Statements ..
WRITE (NOUT,*) ’GO8AJF Example Program Results’
* Skip heading in data file

READ (NIN,=*)

READ (NIN,*) N1, N2

WRITE (NOUT,*)

IF (N1.LE.MAXN1 .AND. N2.LE.MAXN2) THEN
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WRITE (NOUT,99999) ’Sample size of group 1 = ’, N1
WRITE (NOUT,99999) ’Sample size of group 2 , N2
WRITE (NOUT,*)

READ (NIN,*) (X(I),I=1,N1)

WRITE (NOUT,*) ’Mann-Whitney U test’

WRITE (NOUT,*)

WRITE (NOUT,*) ’Data values’

WRITE (NOUT,*)

WRITE (NOUT,99998) °’ Group 1 ’, (X(I),I=1,N1)
READ (NIN,*) (Y(I),I=1,N2)

WRITE (NOUT,*)

WRITE (NOUT,99998) Group 2 ', (Y(I),I=1,N2)
IFAIL = 0

CALL GOBAHF(N1,X,N2,Y,’Lower-tail’,U,UNOR,P,TIES,RANKS,WRK,
+ IFAIL)

WRITE (NOUT,*)

WRITE (NOUT,99997) ’Test statistic =, U
WRITE (NOUT,99997) ’Normal statistic = ’, UNOR
WRITE (NOUT,99997) ’Tail probability = ’, P

WRITE (NOUT,*)
IF ( .NOT. TIES) THEN
LWRK = INT(N1*N2/2) + 1
WRITE (NOUT,99996)
+ ’The length of the workspace is calculated as ’, LWRK
IFAIL = 0

CALL GO8AJF(N1,N2,’Lower-tail’,U,PEXACT,WRK,LWRK,IFAIL)

WRITE (NOUT,*)
WRITE (NOUT,99997) ’Exact tail probability = ’, PEXACT
ELSE
WRITE (NOUT,*)
+ ’There are ties in the pooled sample so GO8AJF was not called.’
END IF
ELSE
WRITE (NOUT,*) ’Either N1 or N2 is out of range :’
WRITE (NOUT,99995) °Ni = ’, N1, ’ and N2 = ’, N2
END IF
STOP

99999 FORMAT (1X,A,I5)
99998 FORMAT (1X,A,8F5.1,2(/14X,8F5.1))
99997 FORMAT (1X,A,F10.4)
99996 FORMAT (1X,A,I10)
99995 FORMAT (1X,A,I16,A,I16)
END

9.2 Program Data

GOBAJF Example Program Data

16 23

13.0 5.8 11.7 6.5 12.3 6.7 9.2 6.9

10.0 7.3 16.0 7.0 10.5 8.5 9.0 7.5

17.0 6.2 10.1 8.0 15.3 8.2 15.0 9.6 14.9 10.4 14.2 9.8
13.8 11.0 14.0 11.1 12.9 11.6 12.8 12.0 13.1 12.4 11.9
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9.3 Program Results

GO8AJF Example Program

Sample size of group 1
Sample size of group 2

Mann-Whitney U test

Data values

Group 1 13.
10.
Group 2  17.
14.
12.

Test statistic
Normal statistic
Tail probability

The length of the workspace is calculated as
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GO8AKF — NAG Fortran Library Routine Document

Note. Before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold
italicised terms and other implementation-dependent details.

1 Purpose

GO8AKF calculates the exact tail probability for the Mann-Whitney rank sum test statistic for the case
where there are ties in the two samples pooled together.

2 Specification

SUBROUTINE GOSAKF(N1, N2, TAIL, RANKS, U, P, WRK, LWRK, IWRK, IFAIL)

INTEGER Ni, N2, LWRK, IWRK(2x(N14+N2+1)), IFAIL
real RANKS(N1+N2), U, P, WRK(LWRK)
CHARACTER*1 TAIL

3 Description

GO8AKF computes the exact tail probability for the Mann-Whitney U test statistic (calculated by
GO8AHF and returned through the parameter U) using a method based on an algorithm developed by
Neumann [2], for the case where there are ties in the pooled sample.

The Mann-Whitney U test investigates the difference between two populations defined by the distribution
functions F(z) and G(y) respectively. The data consist of two independent samples of size n; and n,,
denoted by z,,z,,...,z,, and y;,9s,---,Y,,, taken from the two populations.

The hypothesis under test, H, often called the null hypothesis, is that the two distributions are the
same, that is F(z) = G(z), and this is to be tested against an alternative hypothesis H, which is

H, : F(z) # G(y); or
H, : F(z) < G(y), i.e., the z’s tend to be greater than the y’s; or
H, : F(z) > G(y), i.e., the z’s tend to be less than the y’s,

using a two-tailed, upper-tailed or lower-tailed probability respectively. The user selects the alternative
hypothesis by choosing the appropriate tail probability to be computed (see the description of argument
TAIL in Section 5).

Note that when using this test to test for differences in the distributions one is primarily detecting
differences in the location of the two distributions. That is to say, if we reject the null hypothesis H, in
favour of the alternative hypothesis H,: F(z) > G(y) we have evidence to suggest that the location, of
the distribution defined by F(z), is less than the location, of the distribution defined by G(y).

GO8AKEF returns the exact tail probability, p, corresponding to U, depending on the choice of alternative
hypothesis, H,.

The value of p can be used to perform a significance test on the null hypothesis H, against the alternative
hypothesis H,. Let o be the size of the significance test (that is « is the probability of rejecting H, when
H, is true). If p < o then the null hypothesis is rejected. Typically o might be 0.05 or 0.01.

4 References
[1] Conover W J (1980) Practical Nonparametric Statistics Wiley

[2] Neumann N (1988) Some procedures for calculating the distributions of elementary nonparametric
teststatistics Statistical Software Newsletter 14 (3) 120-126

[3] Siegel S (1956) Non-parametric Statistics for the Behavioral Sciences McGraw-Hill
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1:

10:

Parameters

N1 — INTEGER Input

On ezit: the number of non-tied pairs, n,.

N2 — INTEGER Input

On entry: the size of the second sample, n,.

Constraint: N2 > 1.

TAIL — CHARACTER*1 Input

On entry: indicates the choice of tail probability, and hence the alternative hypothesis.

If TAIL = ’T’, then a two-tailed probability is calculated and the alternative hypothesis is
H,: F(z) # G(y).

If TAIL = ’U’, then an upper-tailed probability is calculated and the alternative hypothesis
H, : F(z) < G(y), i.e., the 2’s tend to be greater than the y’s.

If TAIL = ’L’, then a lower-tailed probability is calculated and the alternative hypothesis H, :
F(z) > G(y), i.e., the z’s tend to be less than the y’s.

Constraint: TAIL = T°,°U’ or ’L’.

RANKS(N1+N2) — real array Input

On entry: the ranks of the pooled sample. These ranks are output in the array RANKS by GOSAHF
and should not be altered in any way if the user is using the same n,, n, and U as used in GOSAHF.

U — real Input

On entry: the value of the Mann-Whitney rank sum test statistic, U. This is the statistic returned
through the parameter U by GOSAHF.

P — real Output
On ezit: the tail probability, p, as specified by the parameter TAIL.

WRK(LWRK) — real array Workspace
LWRK — INTEGER Input

On entry: the dimension of the array WRK as declared in the (sub)program from which GOSAKF
is called.

Constraint: LWRK > n+n(n+ 1)(n+m) — ﬂ”—Hl%g—’fl’Lll + 1, where n = min(N1,N2) and m =
max(N1,N2).

IWRK(2%(N1+N2+1)) — INTEGER array Workspace

IFAIL — INTEGER Input/Output

On entry: IFAIL must be set to 0, —1 or 1. For users not familiar with this parameter (described
in Chapter P01) the recommended value is 0.

On exit: IFAIL = 0 unless the routine detects an error (see Section 6).
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6 Error Indicators and Warnings

If on entry IFAIL = 0 or —1, explanatory error messages are output on the current error message unit
(as defined by X04AAF).

Errors detected by the routine:
IFAIL =1

On entry, N1 < 1,
or N2< 1.

IFAIL = 2

On entry, TAIL # ’T°,’U’ or °L’.
IFAIL = 3

On entry, U < 0.0.
IFAIL = 4

On entry, LWRK is too small.

7 Accuracy

The exact tail probability, p, is computed to an accuracy of at least 4 significant figures.

8 Further Comments

The time taken by the routine increases with n; and n, and the product n;n,. Note that the amount of
workspace required becomes very large for even moderate sizes of n, and n,.

9 Example

The example program finds the Mann-Whitney test statistic, using GOSAHF for two independent samples
of size 16 and 23 respectively. This is used to test the null hypothesis that the distributions of the two
populations from which the samples were taken are the same against the alternative hypothesis that
the distributions are different. The test statistic, the approximate Normal statistic and the approximate
two-tail probability are printed. GOBAKF is then called to obtain the exact two-tailed probability. The
exact probability is also printed.

9.1 Program Text

Note. The listing of the example program presented below uses bold italicised terms to denote precision-dependent details.
Please read the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential
Introduction to this manual, the results produced may not be identical for all implementations.

* GOBAKF Example Program Text
* Mark 14 Release. NAG Copyright 1989.
* .. Parameters ..
INTEGER NIN, NOUT
PARAMETER (NIN=5,NOUT=6)
INTEGER MAXN1, MAXN2, MAXL, MAXIW
PARAMETER (MAXN1=25,MAXN2=25,MAXL=8000,MAXIW=100)
* .. Local Scalars ..
real P, PEXACT, U, UNOR
INTEGER I, IFAIL, LWRK, N, N1, N2, NSUM
LOGICAL TIES
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* .. Local Arrays ..
real RANKS (MAXN1+MAXN2), WRK(MAXL), X(MAXN1), Y(MAXN2)
INTEGER IWRK(MAXIW)
* .. External Subroutines ..
EXTERNAL GO8BAHF, GOSAKF
* .. Intrinsic Functioms ..
INTRINSIC MIN
* .. Executable Statements ..
WRITE (NOUT,*) ’GOSAKF Example Program Results’
* Skip heading in data file

READ (NIN,=*)

READ (NIN,*) N1, N2

WRITE (NOUT,*)

IF ((N1.LE.MAXN1) .AND. (N2.LE.MAXN2)) THEN
WRITE (NOUT,99999) ’Sample size of group 1 = ’, Ni
WRITE (NOUT,99999) ’Sample size of group 2 = ’, N2
WRITE (NOUT,*)
READ (NIN,*) (X(I),I=1,N1)
WRITE (NOUT,*) ’Mann-Whitney U test’
WRITE (NOUT,*)
WRITE (NOUT,*) ’Data values’
WRITE (NOUT,*)
WRITE (NOUT,99998) ° Group 1 ’, (X(I),I=1,N1)
READ (NIN,*) (Y(I),I=1,N2)
WRITE (NOUT,*)
WRITE (NOUT,99998) °’ Group 2 ’, (Y(I),I=1,N2)
IFAIL = 0

CALL GO8AHF(N1,X,N2,Y,’Lower-tail’,U,UNOR,P,TIES,RANKS,WRK,
+ IFAIL)

WRITE (NOUT,#*)

WRITE (NOUT,99997) ’Test statistic =, U
WRITE (NOUT,99997) ’Normal statistic = ’, UNOR
WRITE (NOUT,99997) ’Tail probability = ’, P

WRITE (NOUT,*)
IF (TIES) THEN
NSUM = N1 + N2
WRITE (NOUT,*)
WRITE (NOUT,*) ’Ranks’
WRITE (NOUT,*)

WRITE (NOUT,99998) °’ Group 1 ’, (RANKS(I),I=1,N1)
WRITE (NOUT,*)
WRITE (NOUT,99998) ° Group 2 ’, (RANKS(I),I=Ni+1,NSUM)

N = MIN(N1,N2)
LWRK = N + N#(N+1)*NSUM - N*(N+1)*(2*%N+1)/3 + 1
WRITE (NOUT,*)
WRITE (NOUT,99996)
+ ’The length of the workspace is calculated as ’, LWRK
IFAIL = 0

CALL G08AKF(N1,N2,’Lower-tail’,RANKS,U,PEXACT,WRK,LWRK,IWRK,
+ IFAIL)

WRITE (NOUT,*)

WRITE (NOUT,99997) ’Exact tail probability = ’, PEXACT
ELSE
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WRITE (NOUT,*)
+’There are no ties in the pooled sample so GOSAKF was not called.’

END IF
ELSE
WRITE (NOUT,*) ’Either N or M is out of range :’
WRITE (NOUT,99995) ’'Ni = ’, Ni, ’> AND N2 = ’, N2
END IF
STOP

99999 FORMAT (1X,A,I5)
99998 FORMAT (1X,A,8F5.1,2(/14X,8F5.1))
99997 FORMAT (1X,A,F10.4)
99996 FORMAT (1X,A,I10)
99995 FORMAT (1X,A,I16,A,I16)
END

9.2 Program Data

GOBAKF Example Program Data
16 23
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9.3 Program Results

GOBAKF Example Program Results

16
23

Sample size of group 1
Sample size of group 2

Mann-Whitney U test
Data values
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Group 1 13.
10.
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Test statistic 86.0000
Normal statistic .8039
Tail probability = 0.0025
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Group 2 39.0 1.5 16.0 9.5 36.0 9.5 36.0 16.0
36.0 16.0 33.0 16.0 33.0 20.5 33.0 20.5
29.5 24.5 29.5 24.5 29.5 24.5 24.5
The length of the workspace is calculated as 7633
Exact tail probability = 0.0020
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GOSALF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1. Purpose
GOSALF performs the Cochran Q test on cross-classified binary data.

2. Specification
SUBROUTINE GOSALF (N, K, X, LDX, Q, PROB, IFAIL)

INTEGER N, K, LDX, IFAIL
real X(LDX,K), Q, PROB

3. Description

Cochran’s Q test may be used to test for differences between k treatments applied independently
to n individuals or blocks (k related samples of equal size n), where the observed response can
take only one of two possible values; for example a treatment may result in a ‘success’ or
‘failure’. The data is recorded as either 1 or 0 to represent this dichotomization.

The use of this ‘randomized block design’ allows the effect of differences between the blocks to
be separated from the differences between the treatments. The test assumes that the blocks were
randomly selected from all possible blocks and that the result may be one of two possible
outcomes common to all treatments within blocks.

The null and alternative hypotheses to be tested may be stated as follows;

H, : The treatments are equally effective, that is the probability of obtaining a 1 within a
block is the same for each treatment.

H, : There is a difference between the treatments, that is the probability of obtaining a 1 is
not the same for different treatments within blocks.

The data is often represented in the form of a table with the n rows representing the blocks and
the k columns the treatments. Let R; represent the row totals, for i = 1,2,...,n, and C; represent
the column totals, for j = 1,2,...k. Let x; represent the response or result where x; =0orl.

Treatments
Blocks 1 2 k Row Totals
1 Xy Xpp o Xy R,
2 Xy Xgp oo Xy R,
n Xpy Xy oo Xy R,

Column Totals C, C, C, N = Grand Total

If p;, =Pr(x; =1), fori=12,..,n j= 12, .k, then the hypotheses may be restated as
follows,

Hy:py, =pp=..=p, foreachi = 1,2,..n,
H, : p; # p,, for some j and k, and for some i.
The test statistic is defined as:

k 2
k(k—l)Z(C-—l—Y>
0= — Y
S R, (k-R,)
=1

When the number of blocks, n, is large relative to the number of treatments, k, Q has an
approximate }* distribution with k—1 degrees of freedom. This is used to find the probability, p,
of obtaining a statistic greater than or equal to the computed value of Q. Thus p is the upper-tail
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probability associated with the computed value of Q, where the y* distribution is used to
approximate the true distribution of Q.

4. References

[1] CONOVER, W.J.
Practical Nonparametric Statistics.
John Wiley & Sons, New York, Ch. 5, pp. 280-293, 1980.

[2] SIEGEL, S.
Nonparametric Statistics for the Behavioral Sciences.
McGraw-Hill, Ch. 5, pp. 75-83, 1956.

5. Parameters

1: N - INTEGER. Input
On entry: the number of blocks, n.
Constraint: N 2 2,

2: K - INTEGER. Input
On entry: the number of treatments, .
Constraint: K 2 2.

3:  X(LDXJK) - real array. Input
Onentry. the matrix of observed zero-one data. X(i,j) must contain the value x;, for
i=12,..,nj=12...k
Constraint: X(i,j) = 0.00r 1.0, foralli = 1,2,...,n;j = 1,2,...k.

4:  LDX - INTEGER. Input

On entry: the first dimension of the array X as declared in the (sub)program from which
GO8ALF is called.

Constraint: LDX 2 N.

50 Q-—real. Output
On exit: the value of the Cochran Q test statistic.

6:  PROB - real. Output

On exit: the upper tail probability, p, associated with the Cochran Q test statistic, that is the .
probability of obtaining a value greater than or equal to the observed value (the output
value of Q).

7 IFAIL — INTEGER. Input/ Output

On entry: IFAIL must be set to 0, —1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is 0.

Onexit: IFAIL = 0 unless the routine detects an error (see Section 6).

6. Error Indicators and Warnings
Errors detected by the routine:

If on entry IFAIL = 0 or -1, explanatory error messages are output on the current error message
unit (as defined by X04AAF).

IFAIL =1
On entry, N < 2,
or K < 2,
or LDX < N.

Page 2 [NP2136/15]



GO8 — Nonparametric Statistics GOSALF

IFAIL = 2 _
On entry, X(i,j) # 0.0 or 1.0 for some i and j, i = 1,2,...,n; j = 1,2,....k.

IFAIL = 3

The approximation process used to calculate the tail probability has failed to converge. The
result returned in PROB may still be a reasonable approximation.

7. Accuracy

The use of the y* distribution as an approximation to the true distribution of the Cochran Q test
statistic improves as k increases and as »n increases relative to k. This approximation should be a
reasonable one when the total number of observations left, after omitting those rows containing
all 0’s or 1’s, is greater than about 25 and the number of rows left is larger than 5.

8. Further Comments
None.

9. Example

The following example is taken from Conover [1], page 201. The data represent the success of
three basketball enthusiasts in predicting the outcome of 12 collegiate basketball games, selected
at random, using 1 for successful prediction of the outcome and O for unsuccessful prediction.
This data is read in and the Cochran Q test statistic and its corresponding upper-tail probability
are computed and printed.

9.1. Program Text

Note: the listing of the example program presented below uses bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this
manual, the results produced may not be identical for all implementations.

* GO8SALF Example Program Text
* Mark 15 Release. NAG Copyright 1991.
* .. Parameters ..
INTEGER NIN, NOUT
PARAMETER (NIN=5,NOUT=6)
INTEGER LDX, KMAX
PARAMETER (LDX=20, KMAX=3)
* .. Local Scalars ..
real DF, P, Q
INTEGER I, IFAIL, J, K, N
* .. Local Arrays ..
real X (LDX, KMAX)
* .. External Subroutines ..
EXTERNAL GO8ALF
* .. Intrinsic Functions ..
INTRINSIC real
* .. Executable Statements ..
WRITE (NOUT,*) ’GO8ALF Example Program Results’
* Skip heading in data file

READ (NIN, *)
READ (NIN,*) N, K
IF (N.LE.LDX .AND. K.LE.KMAX) THEN
WRITE (NOUT, *)
WRITE (NOUT,*) ’'Cochrans Q test’
WRITE (NOUT, *)
WRITE (NOUT,*) ’Data matrix’
DO 20 I =1, N
READ (NIN,*) (X(I,J),J=1,K)
WRITE (NOUT, 99999) (X(I,J),J=1,K)
20 CONTINUE
IFAIL = 0
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CALL GO8ALF(N,K,X,LDX,Q,P, IFAIL)

DF = real(K-1)
WRITE (NOUT, *)
WRITE (NOUT,99998) ’‘Cochrans Q test statistic ="', Q
WRITE (NOUT,99997) ’'Degrees of freedom = ’, DF
WRITE (NOUT,99998) ’Upper-tail probability = ’, P
END IF
STOP
*
99999 FORMAT (1X,3F6.1)
99998 FORMAT (1X,A,F12.4)
99997 FORMAT (1X,A,F6.1)
END

9.2. Program Data

GO8ALF Example Program Data
12
1

HROORKKROROR
HHEHHORRHRRORKHKER
HRPOHOHHOOORKHW

9.3. Program Results
GO8ALF Example Program Results

Cochrans Q test

Data matrix

1.0 1.0 1.0

1.0 1.0 1.0

0.0 1.0 0.0

1.0 1.0 0.0

0.0 0.0 0.0

1.0 1.0 1.0

1.0 1.0 1.0

1.0 1.0 0.0

0.0 0.0 1.0

0.0 1.0 0.0

1.0 1.0 1.0

1.0 1.0 1.0
Cochrans Q test statistic = 2.8000
Degrees of freedom = 2.0
Upper-tail probability = 0.2466
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GO8SBAF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1. Purpose

GO8BAF performs Mood’s and David’s tests for dispersion differences between two independent
samples of possibly unequal size.

2. Specification
SUBROUTINE GO8BAF (X, N, N1, R, ITEST, W, V, PW, PV, IFAIL)
INTEGER N, N1, ITEST, IFAIL

real X(N), R(N), W, V, PW, PV
3. Description

Mood’s and David’s tests investigate the difference between the dispersions of two independent
samples of sizes n, and n,, denoted by:

X1 X200 Xp,
and

Xp o1 Xn 2o Xps M= RN,
The hypothesis under test, H,,, often called the null hypothesis, is that the dispersion difference
is zero, and this is to be tested against a one- or two-sided alternative hypothesis H, (see below).

Both tests are based on the rankings of the sample members within the pooled sample formed by
combining both samples. If there is some difference in dispersion, more of the extreme ranks will
tend to be found in one sample than in the other.

Let the rank of x; be denoted by r,, fori = 1,2,...,n.
(a) Mood’s test.

2

W is the sum of squared deviations from the average rank in the pooled sample. For large n,
W approaches normality, and so an approximation, p,,, to the probability of observing W not
greater than the computed value, may be found.

GO8BAF returns W and p,, if Mood’s test is selected.
(b) David’s test.

The disadvantage of Mood’s test is that it assumes that the means of the two samples are
equal. If this assumption is unjustified a high value of W could merely reflect the difference
in means. David’s test reduces this effect by using the variance of the ranks of the first
sample about their mean rank, rather than the overall mean rank.

The test statistic for David’s test is

< n+1\?
The test statistic W = Y, (r,-————) is found.
i=1

| 2
where
ny
Zr;
- i=1
r= ——
n,
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For large n, V approaches normality, enabling an approximate probability p, to be
computed, similarly to p,,.

GO8BAF returns V and p, if David’s test is selected.
Hypothesis testing:

Suppose that a significance test of a chosen size ¢ is to be performed (i.e. ¢ is the probability of
rejecting H, when H| is true; typically ¢ is a small quantity such as 0.05 or 0.01).

The returned value p (= p, or p,) can be used to perform a significance test, against various
alternative hypotheses H,, as follows.

(i) H, : dispersions are unequal. H, is rejected if 2xmin(p,1-p) < a.
(ii) H, : dispersion of sample 1 > dispersion of sample 2. H, is rejected if 1 — p < a.
(iii) H, : dispersion of sample 2 > dispersion of sample 1. H, is rejected if p < .

References

[1] COOPER, B.E.
Statistics for Experimentalists.
Pergamon Press, 1975.

Parameters
X(N) - real array. Input

On entry: the first n, elements of X must be set to the data values in the first sample, and the
next n, (= N—n,) elements to the data values in the second sample.

N — INTEGER. Input
On entry: the total of the two sample sizes, n (= n,+n,).
Constraint: N > 2.

N1 — INTEGER. Input
On entry: the size of the first sample, n,.
Constraint: 1 < N1 < N.

R(N) — real array. Output
On exit: the ranks r;, assigned to the data values x,, fori = 1,2,...,n.

ITEST — INTEGER. Input
On entry: the test(s) to be carried out, using the codes:

0 — both Mood’s and David’s tests
1 — David’s test only
2 — Mood’s test only

Constraint: ITEST = 0, 1 or 2.

W — real. Output
On exit: Mood’s test statistic, W, if requested.

V —real. Output
On exit: David’s test statistic, V, if requested.

PW — real. Output

On exit: the lower tail probability, p,,, corresponding to the value of W, if Mood’s test was
requested.
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9.1.

PV — real. ‘ Output
On exit: the lower tail probability, p,, corresponding to the value of V, if David’s test was
requested.

IFAIL — INTEGER. Input/ Output

On entry: IFAIL must be set to 0, -1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is 0.

On exit: IFAIL = O unless the routine detects an error (see Section 6).

Error Indicators and Warnings
Errors detected by the routine:

IFAIL =1

On entry, N < 2.
IFAIL = 2

On entry, N1 < 1,

or N1 2 N
IFAIL = 3

On entry, ITEST < O,

or ITEST > 2.
Accuracy

All computations are believed to be stable. The statistics V and W should be accurate enough for
all practical uses.

Further Comments
The time taken by the routine is small, and increases with n.

Example

This example is taken from page 280 of Cooper [1]. The data consist of two samples of six
observations each. Both Mood’s and David’s test statistics and significances are computed. Note
that Mood’s statistic is inflated owing to the difference in location of the two samples, the
median ranks differing by a factor of two.

Program Text

Note: the listing of the example program presented below uses bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this
manual, the results produced may not be identical for all implementations.

* GO8BAF Example Program Text
* Mark 14 Revised. NAG Copyright 1989.
* .. Parameters
INTEGER N
PARAMETER (N=12)
INTEGER NIN, NOUT
PARAMETER (NIN=5, NOUT=6)
* .. Local Scalars ..
real PV, PW, V, W
INTEGER I, IFAIL, ITEST, N1
* .. Local Arrays ..
real WK(N), X(N)
* .. External Subroutines
EXTERNAL GO8BAF
* .. Executable Statements

WRITE (NOUT,*) ’'GO8BAF Example Program Results’
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Skip heading in data file
READ (NIN, *)
READ (NIN,*) X

Nl = 6

WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
ITEST
IFAIL

(NOUT, *)

(NOUT, *) 'Mood’’s test and David’’s test’
(NOUT, *) '

(NOUT, *) ’‘Data values’

(NOUT, *)

(NOUT, 99999) Group 1 ', (X(I),I=1,N1)
(NOUT, *)

(NOUT, 99999) ' Group 2 ', (X(I),I=N1+1,N)
=0

0

CALL GO8BAF(X,N,N1,WK, ITEST,W,V,PW, PV, IFAIL)

WRITE
+ ’

WRITE
+ 14

STOP

(NOUT, 99998) ' Mood’’s measure = ', W,
Significance = ', PW
(NOUT, 99998) David’’s measure r, v,
Significance = ’, PV

~

99999 FORMAT (1X,A,8F4.0,/(13X,8F4.0))
99998 FORMAT (1X,A,F8.3,A,F8.4)

9.2. Program Data

END

GO8BAF Example Program Data
6.0 9.0 12.0 4.0 10.0 11.0

8.0

1.0

3.0 7.0 2.0 5.0

9.3. Program Results
GO8BAF Example Program Results

Mood’s test and David’s test

Data values

Group 1 6. 9. 12. 4. 10. 11.

Group 2 8. 1. 3. 7. 2. 5.
Mood’ s measure = 75.500 Significance = 0.5830
David’s measure = 9.467 Significance = 0.1986

Page 4 (last)
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GOS8CBF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1.

Purpose

GO8CBF performs the one sample Kolmogorov-Smirnov test, using one of the standard
distributions provided.

Specification
SUBROUTINE GOS8CBF (N, X, DIST, PAR, ESTIMA, NTYPE, D, Z, P, SX,
1 IFAIL)
INTEGER N, NTYPE, IFAIL
real X(N), PAR(2), D, 2, P, SX(N)
CHARACTER* (*) DIST
CHARACTER*1 ESTIMA

Description
The data consist of a single sample of n observations denoted by x,,x,,....x,. Let §, (x,) and
Fy(x,) represent the sample cumulative distribution function and the theoretical (null)
cumulative distribution function respectively at the point x ;) where x;, is the ith smallest sample
observation.
The Kolmogorov-Smirnov test provides a test of the null hypothesis H : the data are a random
sample of observations from a theoretical distribution specified by the user against one of the
following alternative hypotheses:

(i) H, : the data cannot be considered to be a random sample from the specified null

distribution.

(ii) H, : the data arise from a distribution which dominates the specified null distribution. In
practical terms, this would be demonstrated if the values of the sample cumulative
distribution function S, (x) tended to exceed the corresponding values of the theoretical
cumulative distribution function F, (x).

(iii) H, : the data arise from a distribution which is dominated by the specified null

distribution. In practical terms, this would be demonstrated if the values of the theoretical
cumulative distribution function F, (x) tended to exceed the corresponding values of the

sample cumulative distribution function S, (x).

One of the following test statistics is computed depending on the particular alternative null
hypothesis specified (see the description of the parameter NTYPE in Section 5).

For the alternative hypothesis H,.
D, — the largest absolute deviation between the sample cumulative distribution function and
the theoretical cumulative distribution function. Formally D, = max{D, D, }.

For the alternative hypothesis H,.

D) — the largest positive deviation between the sample cumulative distribution function and
the theoretical cumulative distribution function. Formally D, = max{$, (x )—F,(x;),0}
for both discrete and continuous null distributions.

For the alternative hypothesis H,.

D, — the largest positive deviation between the theoretical cumulative distribution function
and the sample cumulative distribution function. Formally if the null distribution is discrete

then D, = max{F,(x)-S,(x ),0} and if the null distribution is continuous then
D, = max{F,(x )=S, (xioy) ),0}.

n

The standardized statistic Z = Dx+/n is also comnuted whnea ™ may be D,,D; or D, depending
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on the choice of the alternative hypothesis. This is the standardised value of D with no correction
for continuity applied and the distribution of Z converges asymptotically to a limiting
distribution, first derived by Kolmogorov [4], and then tabulated by Smirnov [6]. The asymptotic
distributions for the one-sided statistics were obtained by Smirnov [5].

The probability, under the null hypothesis, of obtaining a value of the test statistic as extreme as
that observed, is computed. If » < 100 an exact method given by Conover [1], is used. Note that
the method used is only exact for continuous theoretical distributions and does not include
Conover’s modification for discrete distributions. This method computes the one-sided
probabilities. The two-sided probabilities are estimated by doubling the one-sided probability.
This is a good estimate for small p, that is p < 0.10, but it becomes very poor for larger p. If
n > 100 then p is computed using the Kolmogorov-Smirnov limiting distributions, see Feller [2],
Kendall and Stuart [3], Kolmogorov [4], Smirnov [5] and [6].

References

[1] CONOVER, W.J.
Practical Nonparametric Statistics, Ch 6.
John Wiley & Sons, New York, 1980.

[2] FELLER W.
On the Kolmogorov-Smirnov Limit Theorems for Empirical Distributions.
Annals of Math. Stat., 19, pp. 179-181, 1948.

[3] KENDALL, M.G. and STUART, A.
The Advanced Theory of Statistics, Vol. 2, Ch. 30.
Griffin, London, 1973.

[4] KOLMOGOROV, A.N.
Sulla determinazione empirica di una legge di distribuzione.
Giornale dell’ Istituto Italiano degli Attuari, 4, pp. 83-91, 1933.

[51 SMIRNOV, N.
Estimate of deviation between empirical distribution functions in two independent samples.
Bulletin Moscow University, 2(2), pp. 3-16, 1933.

[6] SMIRNOV, N.
Table for estimating the goodness of fit of empirical distributions.
Annals of Math. Stat., 19, pp. 279-281, 1948.

[7]1 SIEGEL, S.
Nonparametric Statistics for the Behavioral Sciences, Ch. 4.
McGraw-Hill, 1956.

Parameters

N - INTEGER. Input
On entry: the number of observations in the sample, n.
Constraint: N 2 3.

X(N) — real array. Input
On entry: the sample observations x,,x,,...,x,,.

Constraint: the sample observations supplied must be consistent, in the usual manner, with
the null distribution chosen, as specified by the parameters DIST and PAR. For further
details see Section 8.

DIST — CHARACTER* (*). Input
On entry: the theoretical (null) distribution from which it is suspected the data may arise, as
follows:

DIST = 'U’ or W, uniform distribution over (a,b) — U(a,b).
DIST = 'N' or 'n', Normal distribution with mean y and variance 6* — N(i,07).

[NP1692/14)



G08 — Nonparametric Statistics GOSCBF

DIST = 'G'or'g', gamma distribution with shape parameter o and scale parameter 3, where
the mean = of.

DIST = 'BE/, 'Be', 'bE' or 'be’, beta distribution with shape parameters o and 3, where the
mean = a/ (a+f).

DIST = 'BI', 'Bi', 'bI' or 'bi', binomial distribution with the number of trials, m, and the
probability of a success, p.

DIST = 'E' or '¢', exponential distribution with parameter A, where the mean = 1/A.
DIST = 'P' or 'p', poisson distribution with parameter u, where the mean = L.

Any number of characters may be supplied as the actual argument, however only the
characters, maximum 2, required to uniquely identify the distribution are referenced.

4. PAR(2) — real array. Input/ Output
Onentry: if ESTIMA = 'S' or 's', PAR must contain the known values of the parameter(s)
of the null distribution as follows :

If a uniform distribution is used then PAR(1) and PAR(2) must contain the boundaries a
and b respectively.

If a Normal distribution is used then PAR(1) and PAR(2) must contain the mean, y, and
the variance, o7, respectively.

If a gamma distribution is used then PAR (1) and PAR(2) must contain the parameters o
and f respectively.

If a beta distribution is used then PAR(1) and PAR(2) must contain the parameters o and
B respectively.

If a binomial distribution is used then PAR (1) and PAR(2) must contain the parameters m
and p respectively.

If a exponential distribution is used then PAR(1) must contain the parameter A.

If a poisson distribution is used then PAR (1) must contain the parameter u.

If ESTIMA = 'E' or '¢', PAR need not be set except when the null distribution requested is
the binomial distribution in which case PAR(1) must contain the parameter m.

Onexit: if ESTIMA = 'S' or 's' PAR is unchanged. If ESTIMA = 'E' or ‘¢' then PAR(1)
and PAR(2) are set to values as estimated from the data.
Constraints: if DIST = 'U' or u', PAR(1) < PAR(2),
if DIST = 'N' or n', PAR(2) > 0.0,
if DIST = 'G' or 'g', PAR(1) > 0.0 and PAR(2) > 0.0,
if DIST = 'BE', '‘Be', 'bE' or 'be’, PAR(1) > 0.0 and PAR(2) > 0.0, and
PAR(1) < 10° and PAR(2) < 10°,
if DIST = 'BI', 'Bi', 'bI' or 'bi’,
PAR(1) 2 1.0 and 0.0 < PAR(2) < 1.0 and,
PAR (1)xPAR(2)x(1.0-PAR(2)) < 10° and
PAR(1) < 1/eps where eps = the machine precision, see X02AJF.
if DIST = 'E' or ¢ PAR(1) > 0.0
if DIST = 'P' or p' PAR(1) > 0.0 and PAR(1) < 10°.

nunn

5:  ESTIMA — CHARACTER*1. Input

On entry: ESTIMA must specify whether values of the parameters of the null distribution
are known or are to be estimated from the data:

If ESTIMA = 'S'or's', values of the parameters will be supplied in the array PAR described
above.

If ESTIMA = 'E' or '¢', parameters are to be estimated from the data except when the null
distribution requested is the binomial distribution in which case the first parameter, m, must
be supplied in PAR(1) and only the second parameter, p is estimated from the data.

Constraint: ESTIMA - '<' ' 'E' or 'a'
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NTYPE — INTEGER. A Input
On entry: the test statistic to be calculated, i.e. the choice of alternative hypothesis.
NTYPE = 1 : Computes D,, to test H, against H,

NTYPE = 2 : Computes D, to test H, against H,,
NTYPE = 3 : Computes D, to test H, againsi H.
Constraint: NTYPE = 1, 2 or 3.

D - real. Output

On exit: the Kolmogorov-Smirnov test statistic (D,, D} or D, according to the value of
NTYPE).

Z — real. Output

Onexit: a standardized value, Z, of the test statistic, D, without any continuity correction
applied.

P - real. Output

On exit: the probability, p, associated with the observed value of D where D may be D,,D}
or D, depending on the value of NTYPE, (see Section 3).

SX(N) — real array. Output
On exit: the sample observations, x,,x,,...,.x,,, sorted in ascending order,

IFAIL — INTEGER. Input! Output

Onentry. IFAIL must be set to 0, -1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is O.

Onexit: IFAIL = 0O unless the routine detects an error (see Section 6).

Error Indicators and Warnings
Errors detected by the routine:

If on entry IFAIL = 0 or —1, explanatory error messages are output on the current error message
unit (as defined by X04AAF).

IFAIL =1
On entry, N < 3.
IFAIL = 2

On entry, an invalid code for DIST has been specified.

IFAIL = 3
On entry, NTYPE # 1, 2 or 3.

IFAIL = 4
On entry, ESTIMA # 'S'or 5' or 'E' or ¢

IFAIL = 5

On entry, the parameters supplied for the specified null distribution are out of range (see
Section 5). Apart from a check on the first parameter for the binomial distribution
(DIST = 'BI', Bi’, 'bI' or 'bi') this error will only occur if ESTIMA = 'S' or 's'.

IFAIL = 6

The data supplied in X could not arise from the chosen null distribution, as specified by the
parameters DIST and PAR. For further details see Sectinn §,
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IFAIL = 7 :
The whole sample is constant i.e. the variance is zero. This error may only occur if (DIST
='U', v, 'N', n', 'G', 'g’, 'BE', 'Be', 'bE' or 'be') and ESTIMA = 'E'or ‘¢'.

IFAIL = 8

The variance of the binomial distribution (DIST = 'BI', 'Bi', 'bI' or 'i') is too large. That is,
mp(1-p) > 1000000.

IFAIL = 9

When DIST = 'G' or 'g', in the computation of the incomplete gamma function by S14BAF
the convergence of the Taylor series or Legendre continued fraction fails within 600
iterations, this is an unlikely error exit.

7. Accuracy

The approximation for p, given when n > 100, has a relative error of at most 2.5% for most
cases. The two-sided probability is approximated by doubling the one-sided probability. This is
only good for small p, i.e p < .10 but very poor for large p. The error is always on the
conservative side, that is the tail probability p, is over estimated.

8. Further Comments

The time taken by the routine increases with n until n > 100 at which point it drops and then
increases slowly with n. The time may also depend on the choice of null distribution and on
whether or not the parameters are to be estimated.

The data supplied in the parameter X must be consistent with the chosen null distribution as

follows:
When DIST = "U'or ', then PAR(1) < x; < PAR(2) fori = 1,2,...n.
When DIST = 'N' or 'n', then there is no constraint on the x;’s.
When DIST = 'G'or 'g', thenx; =2 0.0 fori = 1,2,...,n.

When DIST = 'BE', 'Be’, 'bE' or 'be’, then 0.0 < x; < 1.0 fori = 1,2,...,n.
When DIST = 'B', 'Bi, 'bI' or 'bi', then 0.0 < x; < PAR(1) fori = 1,2,...,n.

When DIST = 'E' or ‘¢’ then x; 2 0.0 fori = 1,2,...,n.
When DIST = P’ or p' then x; 2 0.0 fori = 1,2,...,n.
9. Example

The following example program reads in a set of data consisting of 30 observations. The
Kolmogorov-Smirnov test is then applied twice, firstly to test whether the sample is taken from
a uniform distribution, U(0,2) and secondly to test whether the sample is taken from a Normal
distribution where the mean and variance are estimated from the data. In both cases we are
testing against H, — that is we are doing a two-tailed test. The values of D, Z and P are printed
for each case.

9.1. Program Text

Note: the listing of the example program presented below uses bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this
manual, the results produced may not be identical for all implementations.

* GO8CBF Example Program Text
* Mark 14 Release. NAG Copyright 1989.
* .. Parameters ..
INTEGER NIN, NOUT
PARAMETER (NIN=5, NOUT=6)
INTEGER NMAX, MAXP
PARAMETER (NMAX=30, MAXP=2)
* .. Local Arrays ..
real PAR(MAXP), SX(NMAX), X(NMAX)
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* .. Local Scalars ..

real D, P, 2

INTEGER I, IFAIL, N, NP, NTYPE
* .. External Subroutines ..

EXTERNAL GO8CBF
* .. Executable Statements

WRITE (NOUT,*) ’'GO8CBF Example Program Results’

* Skip heading in data file
READ (NIN, *)
READ (NIN,*) N
WRITE (NOUT, *)
IF (N.LE.NMAX) THEN
READ (NIN,*) (X(I),I=1,N)

READ (NIN,*) NP, (PAR(I),I=1,NP), NTYPE

IFAIL = 0

GO08 — Nonparametric Statistics

CALL GO8CBF(N,X,’Uniform’,PAR,’Supplied’,NTYPE,D,%,P,SX,IFAIL)

WRITE (NOUT,*) ’Test against uniform distribution on (0,2)’

WRITE (NOUT, *)

WRITE (NOUT,99999) ’Test statistic D
WRITE (NOUT,99999) ’2 statistic
WRITE (NOUT,99999) ’‘Tail probability
WRITE (NOUT, *)

READ (NIN,*) NP, (PAR(I),I=1,NP), NTYPE

IFAIL = 0

CALL GO8CBF(N,X,’Normal’,PAR,’Estimate’,NTYPE,D,Z,P,SX, IFAIL)

WRITE (NOUT, *)

+’/Test against Normal distribution with parameters estimated from t

+he data’
WRITE (NOUT, *)
WRITE (NOUT,99998) 'Mean = ’, PAR(1),
+ PAR(2)
WRITE (NOUT,99999) ’'Test statistic D
WRITE (NOUT,99999) 'z statistic
WRITE (NOUT,99999) ‘Tail probability
ELSE
WRITE (NOUT,99997) ’N is out of range:
END IF
STOP
*
99999 FORMAT (1X,A,F8.4)
99998 FORMAT (1X,A,F6.4,A,F6.4)
99997 FORMAT (1X,A,I7)
END

Program Data

GO8CBF Example Program Data
30

’

N NN

N

and variance = ’/,

uNUog

0.01 0.30 0.20 0.90 1.20 0.09 1.30 0.18 0.90 0.48
1.98 0.03 0.50 0.07 0.70 0.60 0.95 1.00 0.31 1.45
1.04 1.25 0.15 0.75 0.85 0.22 1.56 0.81 0.57 0.55

2
2

0.0 2.0 1
0.0 1.0 1
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9.3. Program Results
GO8CBF Example Program Results
Test against uniform distribution on (0,2)
Test statistic D = 0.2800
Z statistic = 1.5336
Tail probability = 0.0145

Test against Normal distribution with parameters estimated from the data

Mean = 0.6967 and variance = 0.2564

Test statistic D = 0.1108
Z statistic = 0.6068
Tail probability = 0.8925
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GO8CCF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1. Purpose
GO8CCF performs the one sample Kolmogorov-Smirnov distribution test, using a user specified
distribution.
2. Specification
SUBROUTINE GO8CCF (N, X, CDF, NTYPE, D, 2, P, SX, IFAIL)

INTEGER N, NTYPE, IFAIL
real X(N), CDF, D, Z, P, SX(N)
EXTERNAL CDF

3. Description
The data consist of a single sample of n observations, denoted by x,,x,,....X,.

Let S,(x;) and Fo(x., ) represent the sample cumulative distribution function and the
theoretical (null) cumulative distribution function respectively at the point x ; where x;, is the
ith smallest sample observation.
The Kolmogorov-Smirnov test provides a test of the null hypothesis H,, : the data are a random
sample of observations from a theoretical distribution specified by the user (in the function
CDF) against one of the following alternative hypotheses:

(i) H, : the data cannot be considered to be a random sample from the specified null

distribution.

(ii) H, : the data arise from a distribution which dominates the specified null distribution. In
practical terms, this would be demonstrated if the values of the sample cumulative
distribution function S, (x) tended to exceed the corresponding values of the theoretical
cumulative distribution function F, (x).

(iii) H, : the data arise from a distribution which is dominated by the specified null
distribution. In practical terms, this would be demonstrated if the values of the theoretical
cumulative distribution function F, (x) tended to exceed the corresponding values of the
sample cumulative distribution function S, (x).

One of the following test statistics is computed depending on the particular alternative hypothesis
specified (see the description of the parameter NTYPE in Section 5).

For the alternative hypothesis H,.
D, — the largest absolute deviation between the sample cumulative distribution function and
the theoretical cumulative distribution function. Formally D, = max{D, D, }.
For the alternative hypothesis H,.
D] — the largest positive deviation between the sample cumulative distribution function and
the theoretical cumulative distribution function. Formally D; = max{§, (x )=F,(x;),0}
For the alternative hypothesis H.
D] — the largest positive deviation between the theoretical cumulative distribution function
and the sample cumulative distribution function. Formally
D; = max{F,(x;)-S,(x¢_;),0}. This is only true for continuous distributions. See
Section 8 for comments on discrete distributions.

The standardized statistic, Z = Dx+/n, is also computed where D may be D,,D; or D,
depending on the choice of the alternative hypothesis. This is the standardized value of D with no
continuity correction applied and the distribution of Z converges asymptotically to a limiting
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distribution, first derived by Kolmogorov [4], and then tabulated by Smirnov [6]. The asymptotic
distributions for the one-sided statistics were obtained by Smirnov [5].

The probability, under the null hypothesis, of obtaining a value of the test statistic as extreme as
that observed, is computed. If n < 100 an exact method given by Conover [1], is used. Note that
the method used is only exact for continuous theoretical distributions and does not include
Conover’s modification for discrete distributions. This method computes the one-sided
probabilities. The two-sided probabuiities are estimated by doubling the one-sided probability.
This is a good estimate for small p, that is p < 0.10, but it becomes very poor for larger p. If
n > 100 then p is computed using the Kolmogorov-Smimov limiting distributions, see Feller [2],
Kendall and Stuart [3], Kolmogorov [4], Smirnov [5] and [6].

4. References

[1] CONOVER, W.J.
Practical Nonparametric Statistics, Ch. 6.
John Wiley & Sons, New York, 1980.

[2] FELLER W.
On the Kolmogorov-Smirnov Limit Theorems for Empirical Distributions.
Annals of Math. Stat., 19, pp. 179-181, 1948.

[3] KENDALL, M.G. and STUART, A.
The Advanced Theory of Statistics, Vol. 2, Ch. 30.
Griffin, London, 1973.

[4] KOLMOGOROV, A.N.
Sulla determinazione empirica di una legge di distribuzione.
Giornale dell’ Istituto Italiano degli Attuari, 4, pp. 83-91, 1933.

[5] SMIRNOV, N.
Estimate of deviation between empirical distribution functions in two independent samples.
Bulletin Moscow University, 2(2), pp. 3-16, 1933.

[6] SMIRNOV, N.
Table for estimating the goodness of fit of empirical distributions.
Annals of Math. Stat., 19, pp. 279-281, 1948.

[7] SIEGEL, S.
Nonparametric Statistics for the Behavioral Sciences, Ch. 4.
McGraw-Hill, 1956.

S. Parameters

1: N - INTEGER. Input
On entry: the number of observations in the sample, n.
Constraint: N 2 1.

2:  X(N) - real array. Input
On entry: the sample observations x,,x,,...,.x,,.

3:  CDF - real FUNCTION, supplied by the user. External Procedure

CDF must return the value of the theoretical (null) cumulative distribution function for a
given value of its argument.

Its specification is:

real FUNCTION CDF (X)
real X

11 X —real Input
On entry: the argument for which CDF must be evaluated.
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CDF must be declared as EXTERNAL in the (sub)program from which GO8CCEF is called.
Parameters denoted as /nput must not be changed by this procedure.

Constraint. CDF must always return a value in the range [0.0,1.0] and CDF must always
satisfy the condition that CDF(x,) < CDF(x,) for any x, < x,.

4:  NTYPE - INTEGER. Input
On entry: the statistic to be calculated, i.e. the choice of alternative hypothesis.
NTYPE = 1 : Computes D,, to test H, against H,,
NTYPE = 2 : Computes D}, to test H, against H,,
NTYPE = 3 : Computes D, to test H, against H,.
Constraint: NTYPE = 1, 2 or 3.

5: D - real. Output
On exit: the Kolmogorov-Smirnov test statistic (D,, D; or D, according to the value of
NTYPE).

6: Z—real Output
Onexit: a standardized value, Z, of the test statistic, D, without the continuity correction
applied.

7: P -—real Output

On exit: the probability, p, associated with the observed value of D where D may D,,D; or
D, depending on the value of NTYPE, (see Section 3).

8:  SX(N) — real array. Output
On exit: the sample observations, x, ,x,,...,.x,,, sorted in ascending order.

9: IFAIL — INTEGER. Input/ Output

Onentry: IFAIL must be set to 0, —1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is 0.

Onexit: IFAIL = 0 unless the routine detects an error (see Section 6).

6. Error Indicators and Warnings
Errors detected by the routine:

If on entry IFAIL = 0 or -1, explanatory error messages are output on the current error message
unit (as defined by X04AAF).

IFAIL = 1
On entry, N < 1
IFAIL = 2

On entry, NTYPE # 1, 2 or 3.

IFAIL = 3

The supplied theoretical cumulative distribution function returns a value less than 0.0 or
greater than 1.0, thereby violating the definition of the cumulative distribution function.

IFAIL = 4

The supplied theoretical cumulative distribution function is not a non-decreasing function
thereby violating the definition of a cumulative distribution function, that is F, (x) > F,(y)
for some x < y.
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7.

9.1.

Page 4

Accuracy

For most cases the approximation for p given when n > 100 has a relative error of less than 0.01.
The two-sided probability is approximated by doubling the one-sided probability. This is only
good for small p, that is p < 0.10, but very poor for large p. The error is always on the
conservative side.

Further Comments

The time taken by the routine increases with » until » > 100 at which point it drops and then
increases slowly.

For a discrete theoretical cumulative distribution function Fy(x),
D, = max{F,(x;)-S,(x),0}. Thus if the user wishes to provide a discrete distribution
function the following adjustment needs to be made,

For D} — return F(x) as x as usual

For D, — return F(x—d) at x where d is the discrete jump in the distribution. For example
d = 1 for the Poisson or Binomial distributions.

Example

The following example performs the one sample Kolmogorov-Smirnov test to test whether a
sample of 30 observations arise firstly from a uniform distribution U(0,1) or secondly from a
Normal distribution with mean 0.75 and standard deviation 0.5. The two-sided test statistic, D,,,
the standardized test statistic, Z, and the upper tail probability, p, are computed and then printed
for each test.

Program Text

Note: the listing of the example program presented below uses bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this
manual, the results produced may not be identical for all implementations.

* GO8CCF Example Program Text
* Mark 14 Release. NAG Copyright 1989.
* .. Parameters
INTEGER NIN, NOUT
PARAMETER (NIN=5, NOUT=6)
INTEGER NMAX
PARAMETER (NMAX=30)
* .. Local Arrays
real SX(NMAX), X(NMAX)
* .. Local Scalars ..
real D, P, Z
INTEGER I, IFAIL, N, NTYPE
* .. External Functions ..
real CDF1l, CDF2
EXTERNAL CDF1l, CDF2
* .. External Subroutines
EXTERNAL GO8CCF
* .. Executable Statements ..
WRITE (NOUT,*) 'GO8CCF Example Program Results’
* Skip heading in data file

READ (NIN, *)

READ (NIN,*) N

WRITE (NOUT, *)

IF (N.LE.NMAX) THEN
READ (NIN,*) (X(I),I=1,N)
READ (NIN,*) NTYPE
IFAIL = 0
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CALL GO8CCF(N,X,CDF1,NTYPE,D, 2,P, SX, IFAIL)

WRITE (NOUT,*) ’'Test against uniform distribution on (0,2)’
WRITE (NOUT, %)

WRITE (NOUT,99999) ’'Test statistic D
WRITE (NOUT,99999) ’'2Z statistic
WRITE (NOUT,99999) ’‘Tail probability ‘', P

wn
~
~
N

CALL GO8CCF(N,X,CD¥2,NTYPE,D,Z,P,SX, IFAIL)

WRITE (NOUT, *)
WRITE (NOUT, *)

+ 'Test against normal distribution with mean = 0.75’
WRITE (NOUT,*) ’‘and standard deviation = 0.5.’
WRITE (NOUT, *)

WRITE (NOUT,99999) ’'Test statistic D ="', D
WRITE (NOUT,99999) ’Z statistic ="', 2
WRITE (NOUT,99999) ’Tail probability = ', P
ELSE
WRITE (NOUT,99998) ’'N is out of range: N = ', N
END IF
STOP

99999 FORMAT (1X,A,F8.4)
99998 FORMAT (1X,A,I7)

END
*
real FUNCTION CDF1(X)
* .. Parameters
real A, B
PARAMETER (A=0.0e0,B=2.0e0)
* .. Scalar Arguments ..
real X
* .. Executable Statements ..

IF (X.LT.A) THEN
CDF1l = 0.0e0
ELSE IF (X.GT.B) THEN
CDF1l = 1.0e0
ELSE
CDF1l = (X-A)/(B-Aa)
END IF
RETURN
END

real FUNCTION CDF2(X)

* .. Parameters ..
real XMEAN, STD
PARAMETER (XMEAN=0.75€0, STD=0.5€0)
* .. Scalar Arguments ..
real X
* .. Local Scalars ..
real Z
INTEGER IFAIL
* .. External Functions ..
real S15ABF
EXTERNAL S15ABF
* .. Executable Statements ..

Z = (X-XMEAN)/STD
CDF2 = S15ABF(Z, IFAIL)
RETURN

END
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9.2. Program Data

GO8CCF Example Program Data

30

0.01 0.30 0.20 0.90 1.20 0.09 1.30 0.18 0.90 0.48
1.98 0.03 0.50 0.07 0.70 0.60 0.95 1.00 0.31 1.45
1.04 1.25 0.15 0.75 0.85 0.22 1.56 0.81 0.57 0.55

1

9.3. Program Results

G08CCF Example Program Results

Test against uniform distribution on (0,2)

Test statistic D =
Z statistic =
Tail probability =

0.2800
1.5336
0.0143

Test against normal distribution with mean = 0.75
and standard deviation = 0.5.

Test statistic D
Z statistic
Tail probability

0.1439
0.7882
0.5262

GO08 — Nonparametric Statistics

Page 6 (last)
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GO8CDF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1. Purpose
GO8CDF performs the two sample Kolmogorov-Smirnov distribution test.

2. Specification
SUBROUTINE GO8CDF (N1, X, N2, Y, NTYPE, D, %, P, SX, SY, IFAIL)

INTEGER N1, N2, NTYPE, IFAIL
real X(N1), Y(N2), D, 2, P, SX(N1), SY(N2)

3. Description

The data consist of two independent samples, one of size n,, denoted by x,,x,,....x, , and the
other of size n, denoted by y,,y,,....y,, . Let F(x) and G(x) represent their respective, unknown,
distribution functions. Also let S, (x) and S,(x) denote the values of the sample cumulative
distribution functions at the point x for the two samples respectively.

The Kolmogorov-Smirnov test provides a test of the null hypothesis H, : F(x) = G(x) against
one of the following alternative hypotheses:

(i) H, : F(x) # G(x).

(ii)) H, : F(x) > G(x). This alternative hypothesis is sometimes stated as, ‘The x’s tend to
be smaller than the y’s’, i.e. it would be demonstrated in practical terms if the values of
S, (x) tended to exceed the corresponding values of S, (x).

(iii) H; : F(x) < G(x). This alternative hypothesis is sometimes stated as, ‘The x’s tend to
be larger than the y’s’, i.e. it would be demonstrated in practical terms if the values of
S, (x) tended to exceed the corresponding values of S, (x).

One of the following test statistics is computed depending on the particular alternative null
hypothesis specified (see the description of the parameter NTYPE in Section 5).
For the alternative hypothesis H,.
D, ,, - the largest absolute deviation between the two sample cumulative distribution
functions.
For the alternative hypothesis H,.

D:, ., — the largest positive deviation between the sample cumulative distribution function
of the first sample, S, (x), and the sample cumulative distribution function of the second
sample, S, (x). Formally D, , = max{S, (x) — S,(x),0}

For the alternative hypothesis H.

D, ,, - the largest positive deviation between the sample cumulative distribution function
of the second sample, S, (x), and the sample cumulative distribution function of the first
sample, S, (x). Formally D, , = max{S$,(x) - §,(x),0}
n,+n
GO8CDF also returns the standardized statistic Z = nl—nsz where D may be D, , , D,;‘l s
172
or D, , depending on the choice of the alternative hypothesis. The distribution of this statistic
converges asymptotically to a distribution given by Smirnov as n, and n, increase, see Feller [2],
Kendall et al. [3], Kim et al. [4}, Smirnov [5] or Smirnov [6].
The probability, under the null hypothesis, of obtaining a value of the test statistic as extreme as
that observed, is computed. If max(n,,n,) < 2500 and n,n, < 10000 then an exact method
given by Kim and Jenrich see [4] is used. Otherwise p is comnuted using the approximations
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suggested by Kim and Jenrich [4]. Note that the method used is only exact for continuous
theoretical distributions. This method computes the two-sided probability. The one-sided
probabilities are estimated by halving the two-sided probability. This is a good estimate for small
D, that is p < 0.10, but it becomes very poor for larger p.

4. References

[1] CONOVER, W.J.
Practical Nonparametric Statistics, Ch. 6.
John Wiley & Sons, New York, 1980.

[2] FELLER W.
On the Kolmogorov-Smirnov Limit Theorems for Empirical Distributions.
Annals of Math. Stat., 19, pp. 179-181, 1948.

[3] KENDALL, M.G. and STUART, A.
The Advanced Theory of Statistics, Vol. 2, Ch. 30.
Griffin, London, 1973.

[4] KIM, P.J. and JENRICH, R.L
Tables of exact sampling distribution of the two sample Kolmogorov-Smirnov criterion
D,,,(m<n).
In: ‘Selected Tables in Mathematical Statistics’, Vol. 1, H.L. Harter and D.B. Owen (eds).
American Mathematical Society, Providence, Rhode Island, pp. 80-129, 1973.

[5] SMIRNOV, N.
Estimate of deviation between empirical distribution functions in two independent samples.
Bulletin Moscow University, 2(2), pp. 3-16, 1939.

[6] SMIRNOV, N.
Table for estimating the goodness of fit of empirical distributions.
Annals of Math. Stat., 19, pp. 279-281, 1948.

[7] SIEGEL, S.
Nonparametric Statistics for the Behavioral Sciences, Ch. 4.
McGraw-Hill, 1956.

5. Parameters

1: NI - INTEGER. Input
On entry: the number of observations in the first sample, n,.
Constraint: N1 2 1.

2:  X(N1) — real array. Input
On entry: the observations from the first sample, x,,x,,....x,, .

3: N2 - INTEGER. Input
On entry: the number of observations in the second sample, n,.
Constraint: N2 2 1.

4. Y(N2) - real array. Input
On entry: the observations from the second sample, y,,y,,....y,, .

5:  NTYPE — INTEGER. Input
On entry: the statistic to be computed, i.e the choice of alternative hypothesis.
NTYPE =1 : Computes D, ,_, to test against H .
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NTYPE = 2 : Computes D, , , to test against H,.
NTYPE = 3 : Computes D, , , to test against H,.
Constraint: NTYPE = 1, 2 or 3.

6: D —real. Output
On exit: the Kolmogorov-Smirnov test statistic (D, ,,, D,j'l,,2 or D, , according to the value
of NTYPE).

7. Z - real. Output

On exit: a standardized value Z of the test statistic, D, without any correction for continuity.

8: P -—real Output
Onexit: the tail probability associated with the observed value of D, where D may be
D, ,.D or D depending on the value of NTYPE, (see Section 3).

nyny 2 nyny ny.ny

9:  SX(N1) - real array. Output
On exit: the observations from the first sample sorted in ascending order.

10:  SY(N2) — real array. Output
On exit: the observations from the second sample sorted in ascending order.

11: IFAIL - INTEGER. Input/ Output

On entry: IFAIL must be set to 0, —1 or 1. For users not familiar with this parameter
(described in Chapter PO1) the recommended value is 0.

Onexit: IFAIL = 0 unless the routine detects an error (see Section 6).

6. Error Indicators and Warnings
Errors detected by the routine:

If on entry IFAIL = O or -1, explanatory error messages are output on the current error message
unit (as defined by X04AAF).

IFAIL =1
On entry, N1 < 1,
or N2 < 1.
IFAIL = 2

On entry, NTYPE # 1, 2 or 3.

IFAIL = 3
The iterative procedure used in the approximation of the probability for large n, and n, did
not converge. For the two-sided test, p = 1 is returned. For the one-sided test p = 0.5 is
returned.

7. Accuracy

The large sample distributions used as approximations to the exact distribution should have a
relative error of less than 5% for most cases.

8. Further Comments

The time taken by the routine increases with n, and n,, until n,n, > 10000 or
max(n,,n,) 2 2500. At this point one of the approximations is used and the time decreases
significantly. The time then increases again modestly with n, and n,.
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9.

9.1.

9.2.

Page 4

Example

The following example computes the two-sided Kolmogorov-Smirnov test statistic for two
independent samples of size 100 and 50 respectively. The first sample is from a uniform
distribution U(0,2). The second sample is from a uniform distribution U(0.25,2.25). The test
statistic, D, ,,, the standardized test statistic, Z, and the tail probability, p, are computed and

printed.

Program Text

Note: the listing of the example program presented below uscs bold italicised terms to denote precision-dependent details. Please read
the Users’ Note for your implementation to check the interpretation of these terms. As explained in the Essential Introduction to this
manual, the results produced may not be identical for all implementations.

* GO8CDF Example Program Text
* Mark 14 Release. NAG Copyright 1989.
* .. Parameters
INTEGER NIN, NOUT
PARAMETER (NIN=5, NOUT=6)
INTEGER NMAX, MMAX
PARAMETER (NMAX=100, MMAX=50)
* .. Local Arrays ..
real SX(NMAX), SY(MMAX), X(NMAX), Y(MMAX)
* .. Local Scalars ..
real D, P, Z
INTEGER IFAIL, M, N, NTYPE
* .. External Subroutines ..
EXTERNAL GOS5CBF, GOSFAF, GO8CDF
* .. Executable Statements ..
WRITE (NOUT,*) ’GO8CDF Example Program Results’
* Skip heading in data file

READ (NIN, *)

READ (NIN,*) N, M

WRITE (NOUT, *)

IF (N.LE.NMAX .AND. M.LE.MMAX) THEN
CALL GOSCBF(0)
CALL GOS5FAF(0.0e0,2.0e0,N,X)
CALL GOS5FAF(0.25€0,2.25e0,M,Y)
READ (NIN,*) NTYPE
IFAIL = -1

CALL GO8CDF(N,X,M,Y,NTYPE,D, Z,P,SX,SY, IFAIL)

IF (IFAIL.NE.O) WRITE (NOUT,99999) ’'*x IFAIL = ', IFAIL
WRITE (NOUT,99998) ’'Test statistic D ="', D
WRITE (NOUT,99998) ’Z statistic ="', Z
WRITE (NOUT,99998) ‘Tail probability = ’, P

ELSE
WRITE (NOUT,99997) N or M is out of range: N ="', N,

+ ‘andM="', M
END IF
STOP

*

99999 FORMAT (1X,A,I2)

99998 FORMAT (1X,A,F8.4)

99997 FORMAT (1X,A,I7,A,I7)
END

Program Data

GO8CDF Example Program Data
100 50
1
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9.3. Program Results
GOBCDF Example Program Results

Test statistic D = 0.3600
Z statistic = 0.0624
Tail probability = 0.0003
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GO8CGF - NAG Fortran Library Routine Document

Note: before using this routine, please read the Users’ Note for your implementation to check the interpretation of bold italicised terms and
other implementation-dependent details. The routine name may be precision-dependent.

1.

Purpose

GO8CGF computes the test statistic for the y> goodness of fit test for data with a chosen number
of class intervals.

Specification
SUBROUTINE GO8BCGF (NCLASS, IFREQ, CINT, DIST, PAR, NPEST, PROB,
1 CHISQ, P, NDF, EVAL, CHISQI, IFAIL)
INTEGER NCLASS, IFREQ(NCLASS), NPEST, NDF, IFAIL
real CINT(NCLASS-1), PAR(2), PROB(NCLASS), CHISQ, P,
1 EVAL (NCLASS), CHISQI (NCLASS)

CHARACTER*1 DIST

Description

The y? goodness of fit test performed by GOSCGF is used to test the null hypothesis that a
random sample arises from a specified distribution against the alternative hypothesis that the
sample does not arise from the specified distribution.

Given a sample of size n, denoted by x,,x,,...,x,, drawn from a random variable X, and that the
data have been grouped into k classes,

x<Scg,
iy <x Sy, i=23,..k1,
X > Chyps

then the y¥? goodness of fit test statistic is defined by;

£ (0.—E.)2
X2 = 2__( = )

i=1 i

where O; is the observed frequency of the ith class, and E; is the expected frequency of the ith
class.
The expected frequencies are computed as

E, = p,xn,
where p; is the probability that X lies in the ith class, that is

p, = P(X <c¢y),

p; = P(c,., <X <¢;), i=23,..k-1,

Py = PX >c,)).

These probabilities are either taken from a common probability distribution or are supplied by the
user. The available probability distributions within this routine are:

Normal distribution with mean y, variance ¢;
uniform distribution on the interval [a,b];
exponential distribution with pdf = Ae™*;
x? distribution with f degrees of freedom; and

xa—le-—x/ﬁ

Na)p*’

The user must supply the frequencies and classes. Given a set of data and classes the frequencies
may be calculated using GO1AEF.

gamma distribution with pdf =
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GO8CGF returns the y? test statistic, X°, together with it’s degrees of freedom and the upper tail
probability from the y distribution associated with the test statistic. Note that the use of the y?
distribution as an approximation to the distribution of the test statistic improves as the expected
values in each class increase.
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